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PREFACE. ' 



-0- 



The study of Mathematics is rendered so much easier 
and more inviting by a thorough knowledge of Algebraic 
Factors, that it has always been a mystery to me why 
teachers devote so little time to their elucidation. 

As a rule, this branch of the subject is hurried over 
with but a slight notice, both in books and in the school- 
room. Nothing could be more injudicious, since a true 
conception of factorial analysis enables the student to 
traverse, with the greatest ease, branches of Algebra 
which in other cases prove veritable Sloughs of Despond. 
To endeavour to arouse both teachers and pupils to a 
sense of the importance of a complete mastery of factors 
is the object of this little work. It first shows the most 
useful methods of obtaining the factors, and then pro- 
ceeds to illustrate the more important uses to which 
they can be put in Elementary Algebra. This, it is 
thought, will be sufficient to show their potency, and 
will prepare the student for their more extensive use 
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4 Preface. 

in Advanced Algebra and the higher branches of Mathe- 
matics. 

Numerous examples will be found distributed over the 
book, most of which are original. The miscellaneous 
questions are taken almost exclusively from papers set 
at the London University, College of Preceptors, Science 
and Art Department, Civil Service, Oxford and Cam- 
bridge * Local, and other examinations. 



W. T. K. 



By permission of the Syndicate. 
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ALGEBRAIC FACTORS. 



PART I. 

HOW TO FIND THE FAQTORS. 

CaseL 

When an expression is divisible throughout by any quan- 
tity, that quantity is, of course, a factor of the expression, 
and in practice should be almost always separated from it. 

Examples, — 1. mx-\-my-\-tnz^m{x+y + z). 

Frequently it happens that one factor is common to 
some of the terms of an expression, and another to others, 
and on combining the two sets we can often split up the 
whole expression. 

Examples, — 1. ax-^az^rby^rhz-^-ay^rhx 

= ^j:(« +> + «) + ^(jc + ;^ + ;?). 
Here we have x^-y-^-z in both expressions. Conse- 
quently the whole expression = (^i + ^) (x +y 4- z), 
2. jail^-sd^ + ja^-sdi^''i4adc+iod^c 

= ja{^ + <^ - 2dc) - 5^(^2 + ^ _ 2dc) 

Exercise i. 

Factorize the following : — 
I. Ioa^^ -*- 150^ - 2^ab^c, 
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2' S ^y^^^ - 7 10^^^ + 1 43^y«*. 

3. 3oa*»i - \Zan^ - 6tf2»|2^ 

4. 5^-15^ + 35^-75^- 

5. ac-\-ad-\-bc-\'bd, 

6. 2aj[:-3^j'-2dy; + 3^x 

7. 2bd -^be+ 2cd + 2^1^ - $ce - 5^1^. 

8. 3»|2^2_5^2y + 9^2_i^2. 

10. 7^^^ - $a^mn - 2i^2»i« + a^m^ - loabn^ + 35^^^^ 

-^abm^ + 6abtnn + 5a2«2^ 

11. ^^2 _ 5^y _ 11^3^2 + ii^^2 4. ii^^2 j^ ax^ ^ 5^3y 

- ^^ - 5^y. 

1 2. 2/^nfin^y - 8^w^*^ + 8fl;w2«2^ - 2/^n^ffy, 

As several of the processes adopted in factorizing de- 
pend on the knowledge of certain definite forms, the 
pupil should now learn the following results, all of which 
may be verified by multiplication : — 

(a + /)(d5-^) = tf2_32, (d5-^)(tf2 + ^ + ^2)^^3^^. 

\a^b) Xd^-ab^b^^^a^^i^, 
\a + if = a^ + laH + lab'^ + ^. 
\a - ^)3 = a8 . 3^2^ + 3^^2 ^ ^. 

GaaeU 

Since (« + 3) (a - ^) = ^i^ _ ^^ Jt is clear that any expres- 
sion of the form a^-l^ can be resolved into two factors of 
the forms a-\-b and a-b. 

Examples, — 1. ^x^-i6y\ 

Here 9^2 = (3:^)2, aiid ^^y^ — {^Y'y hence if 9:c2 be 

represented by a^^ and i6y^ by ^^^ the equivalent of a is 

3^, and that of b is 4>^. 
Thus 9^2 _ 1 5^2 _ (3JP 4. ^j ^jjp _ ^)^ 
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25 x^ 

2 '? x!^ *! X^ 

Here «^ = i4i ^ = 77- Thus tf=f2> ^ = T> and conse- 
x' 25 * 5 

quently our factors are (^ + — ) (2 """")• 
The process may often be extended, thus : 

But (^ -/) = {x^ -y ) (^ +y ), 
and (a^ -y ) = (^2 _yj (^2 +y)^ 

Also (^2 -y^) = (^ - j;) (a: -k-y). 
Therefore ^i«-y« = (^+/) (jc*+y) («2+y) (pc-\-y) 
{x -y). 
The reverse operation is simple. 

Example, — Multiply a-b^-chya-b-c. 

Clearly {(dP-/^) + ^} {(a-^)-^} =(tf-/^)2-^ = ^j2_ j^^ 

Exercise 2. 

Resolve into element?iry factors — 
I. 4^|2-9^2^ 7. :^-8i. 

^2^16 8. flS-^. 

^' 16"^* 9. ^2 +y _ ^2 ^. 2^^,, 

3. 36^2y_i. 10. 2ab-a^-b^-\-c\ 

5. \m^T?)-p\ y + g2_jp2 

6. m^-{n'-p)\ ^^- '+ 2>^^ • 
Write down the products of — 

13- (3^-7) (3^ + 7). 

\2 a/ \2 af 
15. (3«^^-5)(3«^^+5)- 
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i6. (a + ^+or) (a-^-b-a^. 

1 7. (3:*: - zy) \ix + 2y) (9:^2 + 4^2). 

x&(.i^i+x)(a-i-i> 

19. (tf-^-^-^ (a + ^-^ + i^. 

20. f^+I+ij («- I+-\ 

... (i + ^ + i)(i_^ + i). 
\a b c' \a b c' 

GasellL 

Since (a-b) (tf2+a^ + ^2)=:a»-^, it follows that any 
expression of the form c^-b^ can be resolved into factors 
of the forms a-^ and ^^2+0^+^2 

Examples. — 1. (27JC*-i25). 
Heretf*=27^and^=i2S; hencea = 3«,^ = 5,fl5* = 9jc2, 

ab=i$x, ^ = 25. 

Thus 2'j^'-i2S = {$x-s) (9:^*+ 15^+25). 

Here 4^ = m^and ^ = -^; hence « = »*, ^ = i, c^^m^^ 



Factorize — 



m* "^ m' \ fw 

Exercise 3. 



I. 8«8-27iJ8 ^«^y8 

2. 125^-1. '^' 27 64-^' 
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5. (tf + ^)3-.si2. • ^ 5 ^' 

6. c'^^^C'df. a2^l^ 
a^/x±y\^ ' ^ «^' 

10. -^-8. 

GaselV. 

Since (a + 6) (^2-0^+^) = 08+^^ it follows that any 
expression of Uie fonn cfi+d^ can be resolved into factors 
of the forms tf + ^ and a^-ad-^^* 

Examples. — 1. 1000^+ 1. 

Heretf* = 1000^,^ = i ; hence a = lox^^b = i,^!^ — loo^p*, 
ab=iox^^ ^=1. 
Thus (1000^+ i) = (io^2^ i) (loo^p*- 10^2^ i). 
2. 8a8^^ + jc8. 

Here cfi ^ Zcfilfic^y i^^^a^] hence a = 2abh^, d = x, 

Thus 8tf3^^» + ^ = (2iJ5^V8 + x) (4a2^V« - 2tf^2^8jt: + x^). 

Exercise 4. 
Factorize — 

1. 8^ + 27^. 8 , + («±if 

2. i25/»+i. ^ 3 ' 

5. ««+/. ■ fiVA 



'• r-f')^?- 



Ca^e V. 



Sometimes an expression does not appear to belong to 
any known form, but by adding and subtracting the same 
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quantity, it can be thrown into a shape which we at once 
recognise. 

Examples, — 1. x^ '\' a^x^ -V a^. 

Add and subtract d^x^. Then we have 

(^ + 2a^x^ + aS) - d52^2 = {x^ + a^f - a^x\ 
an expression of the form a^ - b^^ so that we at once write 
its factors (^2 + ^2+^^^ {x^'\'C^- ax) or (x^ •\- ax •\- a^) 
(x^-ax-i-a^, 

2. c^ + a^f^ + b^ 

= (^ + 2ah^ + ^) - ah^ 

Some examples which fall under this case would easily 
be missed by a casual observer, but a little examination 
generally suffices to detect the requisite quantity to be 
added and subtracted. 

3. d5*- 22^52^ + 49^. 

Here we require either the square of a^ - 7^2 or that of 
a^ + 7^2^ Now (a^ - 7^2)2 = ^ _ 14^2^2 + ^^^^ and in order 
to obtain this we must add to the original expression 
Sa^\ which is not a complete square. Next take 
(^2 + 7^2)2^ which is =d5*+ 14^2^2 ^.^^^^ To obtain this 
we must add 36^2^2^ which is a complete square. 

Thus a^ - 22^52^2 + 49^ = (^2 + y^y _ 35^2^2 

= {a^ + 6ad + 7^2) (^2 ^ead+ ^b^). 

Exercise 5. 

Convert each of the following into the diflference of two 
squares, and hence factorize them : — 

1. tf* + 9a2 + 8i. 

2. i6«* + 36»|2«2 4.3j^^ 

3. {a'¥b)^-\-{a^--by-{'{a-b)\ 
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4. jc® + ^y+j^. 

5. I+JC^ + JC*. 

6. (« + 3)* + 3(« + 3)^ + 4. 

7. 9^5* + 45^^ + 81^. 

9. »f* + 64«*. 



10. «* + 4- 



11. 49Jp*+s:cy + 8iy. 

12. i2ifl:*-795a2^ + 9^. 



Case VL 

Since a® - ^ may be regarded either as the difference of 
two squares or the difference of two cubes, it follows that 
expressions of the form c^-lfi can be factorized in two 
different ways. 

Thus, combining Cases 11., in., and iv. : — 

^(a-b) (a^ + ad + b^) (a + d) (a^-ad + H^). 
Or, combining Cases iil, 11., and vi. : — 

^{a + i) {a-b) (a^-^-ab-^rb^) (a^ - ab '\' IP). 
It will be seen that both operations produce the same 
result, but the former is generally the more convenient 

Example, — 64^1^ - 7 2 9)^. 

First methodj— (8;c8 - 27^^) (8^ + 27/) 
= (2^-3^) (j^^-vdxyJir^) {zx^-T^y) (4^^-60^ + 9)^*). 

Second method : — (^r^ - ^f) (i6a:* + ^fix^y^ + 81/) 

= (2x + ly) (zx - '^) (j^^ + (>xy + 9^2) (^^ - (^xy + 9^2). 

The process may of course be carried on to any extent 
until we reach elementary factors, ue, those which cannot 
be split up any Auther. 
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The following example will be instructive : — 

= (a«-i)(a«+i)(ai2+i) 
= \a^ - i) \a^ + i) (tf« + i) (ai2 + j). 
Now fls^- i=(fl- i) (fl2 + flr+i), 

Cfi-V I =(fl52+ l) (a4-fl2+ l), 

flfia + I = (^ + i) (^8 _ ^4 + i) . 

.-. «24_i = (^«i) (d5+l) (a2+l) (a2-a+l) (a2 + fl5+l) 

Exercise 6. 
Factorize as far as possible — 

2. ^-64. V a-^-bf V « + ^/ 

. _Lai2 ?_. 7. 5^1'' -arh 

^' 64 15625 (a-^rb^^ (a-b\^ 

5. (a - i)« - (a - 2)« 



CaseVn. 

Let us multiply ^+5 by ^+7 and carefully examine 
the process. 

^+7 

7* + 35 



;it?^H-i2^+35 

The first term of our product is obtained by multiply- 
ing X by x^ the second by adding the products of ^ by 5 
and X by 7, and the third is the product of 7 and 5. 
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Now, if we can reverse this process we shall be able to 
obtain the elementary factors oix^-\-i2x-\- 35. It is clear 
that the factors of x^ must be x and x^ and those of 35 
are 7 and 5 ; also 7 added' to 5 make 12, the coefficient 
of our middle term. 

Thus^*.+ i2Jc+3S = (jc-f 5) (a: + 7). 

The above is a very simple example, but the principles 
elucidated apply to all expressions of the form x^+ax-^-b. 
It will appear, as we proceed with our subject, that the 
signs of the various terms are of the utmost importance in 
directing us to the choice of correct factors, and it will 
therefore be wise for us to notice what they teach as each 
case presents itself. 

In the above example the positive sign of the third term 
shows that we must add the factors of 35 in order to obtain 
12, and also that the signs of those factors must be //>^, 
since + s and + 7, or - 5 and — 7 will each give as a 
product +35. 

We now turn to the sign of the second term to 
determine whether these like signs shall be both + or 
both -, and since we find -f 12* we decide that they 
must both be -f . 

From the above we conclude : — ^An expression of the 
form x^+ax+d can be split into factors (x+c) (x+d) if 
c+d=a, and cy.d=b. 

Examples. — {x^ -f 8jc -f 1 2) = (jc + 2) (jc -f 6), 
{x^ -f ixy + 1 2y^)-{x •¥zy){x-\- /^y). 

Exercise 7. 

Resolve into elementary factors — 

1. jc^-f i5;tr-f 26. 4. :c2 + 3005^ + 299. 

2. a^-^-i^ab-^z^^' 5« m^-^-^omn + ^ttfi. 

3. x^^-isxy+i/^y^. 6. ^2^+170^^^+ 42^^^. 
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7. (a:+^)*+ii(tf 4-^)4- 18. 

8. \x-^yf'k-2i(x'k-y) (r+^)+9o(r+:8r)2. 

9. (tf+9)*+io(a:+9)+9. 

10. (jp +>')*+ 1 9(^*-^+6o(^->^)2. 

11. <j<^+ 19^*^+18^. 

12. :3l^ + 31^^^ + 2041^. 

CaMVin. 

Multiply ^p- jj' by x—z^y. 

x-iy 

x-Ay 



x^-ixy 
—^y-^iij/^ 

x^''ixy'\-\2fi 

In the examination of this process we discover that it 
almost exactly resembles Case vil, the exception being 
the sign of the second term. If then we were to attempt 
to factorize ^r^— 7;py+i2j^, we should be guided by the 
same principles as in the last case. The sign of the third 
term shows that the Actors of 12 must be added to make 
7, and also that they must be of like signs. Then the sign 
of the second term shows that they must both be — . 

Hence (x^'-ixy+i2y'^ = (x"^y) {x—z^y). 

From the above we conclude : — An expression of the 
form x^ — ax+b can be split up into factors (x — c) (x — d) 
a C'^d=ia, and cxd^b. 

Examples, — (f^ — 1 7^ + 5 2) = (tf — 4) (« — 13), 

{x^ — 2^xyz + loo^^) = (xy — 55) {xy — 20:^). 

Exercise 8. 

Find the elementary factors of — 
I. x^-d^x-^-i^b. 
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4- JC«-95JC* + 924. 

6. a8^i«-29tf*^^i^+2io^*^. 

7. (x-5)«-8(*-5)+i2. 

8. (a-2)«-23(tf-2)(«-3)+76(a-3)*, 

9. «* — 26^*^+153^*. 

10. jc®— 4iJcy+4oq)^. 

11. jn®— I4«f'+i3. 

12. ai8-35tf»^+2i6^w 

OaselX. 

Multiply Jc - 3jr by *+ 7^^, and x -k- ^ by x - jy. 



X -3jr 

« +7r 


.2iy« 




7*y- 


jc* + 3xy 


«* + 4^- 


-2IJ^ 


x^ - 4xy - 21^ 



As in the previous examples, the first term in the product 
is produced by multiplying x by x, and the third tenn by 
multiplying 'jy by ^y ; but the second term is obtained by 
multiplying x by yy and x by ^y, and taking the difference 
of the results. It will be found that the signs of the 
various terms furnish us, as before, with the modes of 
procedure. The sign of the third term shows that the 
Actors must be subtracted to make 4, and also that they 
must be of unlike signs. Now, turning to the second 
term, we see that if its sign be +y tke greater of the factors 
of 21 must be positive^ and if - , negative. 

From the above we conclude : — An expression of the 

B 
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We have now obtained the correct coefficients, and it only 
remains to get the signs right The third sign of our 
product shows that they must be like, and the second that 
they are both + . Hence our factors are (6^ + 7) (4^ + 3). 

2. 24^5^ - d^ah + 2 \b\ By a similar method we obtain 
(8fl - 3^) (3^^ - 7^), the only difference in the process 
being that both signs must be negative on account of the 

3. 24^2 + 47a - 2 1. The third sign shows that we must 

8\ /3 
subtrg,ct, and after trial we obtain the numbers X 

3/\7 
where 56-9 = 47. The third sign also shows that the 

signs of the second temis must be unlike, and the second 

sign being + shows that the greater of the cross products 

must be positive. Hence we must have +56 and -9, 

so that our factors are (8^ - 3) (3^ + 7). 

4. 24^:^^- loabcd- 2ic^d^, The third sign shows that 

6\/7 
we must subtract, and after trial we obtain X where 

4/ \3 

28 - 18= 10. The third sign also shows that the signs of 
our second terms must be unlike, and the second sign 
being - shows that the greater of the cross products must 
be negative. Hence we must have - 28 and +18, so 
that our factors are {6ab - jcd) (4ab + yd), 

Exercise 10. 

What are the factors of— 

1. i6^2 + 42:r + 2 7. 5. i6m^- 2iSmn + 2'jn^. 

2. 16^2 _ ^2xy + 27^2. 6. 16 - 24^ - 27^2. 

3. 1 6a^ - 1 04^:^ - 2 *jb\ 7. 1 6x^yh^ + 39^;^^ - 2 7. 

4. i6x^ + 4^ixy- 2'jy^. 8. 16^52 + 42^^^+27^2 

9. i6(a+^)2+ 147(^5 + ^) (c+d) + 2y{c+dy. 
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0. i6(:»:-4)*-78(jc-4)0'-3) + 27Cy~3)'. 

1. 4o^* + 6i:cy-84j;^. 

2. 4oa^ - 1 6 7 ^abc - 84^*^ 

3. (fl5 + ^)* + (a^+^r)-2^. 

4. aba^ - {ac - bd)x - cd, 

5. («-«):c*-(2« + «):r-3w. 

6. (w - «)jp^ - (2W - ^n)x - 3«. 

7. 64^* - i48^j^ + 9y*. 

8. &c®+35xy + 27y. 

9. 87SJc« + 2368*^-19)^. 

20. 153JIP*- 326x^^-275/*. 

21. ai2_y^6^_8^w 



Case XL 

Sometimes we can resolve into factors an expression 
containing three squares with intermediate terms, as, for 
example : — 

First arrange the terms thus : — 

15^^-80^— 63^^- 220^-1x43^-48^. 

We place a square first, a square third, and a square 
last Between a^ and ^, ab naturally falls, and the 
remaining terms must be placed between ^ and ^. 
Now, factorizing the first three terms as in Case x., we 

3^\~/7^ 
obtain \^ . It remains then to find suitable factors 

for 48^2 Suppose we try 4^ and 12^ with unlike signs, 
thus : — 

3« \y 7^ V/ 4^. 

Sa /V\ 9^ /V\ 12^. 
Now -4rx +9^= -36^^, and +i2^x -'jb^ -84^^, 
which produce - 120^^, showing that we have the wrong 
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numbers. Making another attempt with + 8^ and - 6r, 
thus : — 

3^ V/ 7^ \V 8^, 

we obtain + *]2hc and +42^^= +114^^, which is the right 
number, but the wrong sign. Consequently the correct 
factors to produce -114^^ will be -8^ and +6^. Our 
result now stands : — 

We have lastly to see whether these factors will produce 
- 22ac, Multiply across, then, and we get 3« x 6^= i8«r, 
and 5«x -8^= -40^^, and these products combined 
give ~ 22aCy as they should do. 

Our factors therefore are (3^ - 7^ - 8^) (5^ + 9^ + 6^). 

Sometimes the third square is missing, when the process 
becomes somewhat simpler. 

Example, — ^ox^ - 2^y + j^\xz + ^yz - 2 iz^. 
Arranging the terms as in last example, this becomes 
40^2 + 41XZ - 2iz^- 2^y + ^yz. 

The factors of the first three terms are x > ^^^i 

8^/-\3^ 
the third places must contain a factor and zero respectively. 

The terms not yet used are - 2^y + ()yz^ which should be 

exactly divisible either by 5^ + 7^ or by 8^-32:. The 

latter expression is contained - 37 times in the given 

terms ; hence we place - 37 in the position opposite to 

Zx - $z, and o in the other position, thus : — 

8^ /\ 3« /\ o. 



How to find the Factors. 23 

Now on multiplying across we find that -3j^x8;cs 
- 24JP>', and - JJ' x - 3^5= + qyz. 
Our £3ictors therefore are (5* + 7* - 3/) (8jp - 3*). 

Exercise ii. 
Factorize — 

I. 4&r* + 8j^ + 9s* + 56^^+42^:^ + 2 7^5. 
2. ' T2a^ - S6ad + 150^ - 108^ + 24^ - ^6dc, 
3. 23JCS - 2oj^ + 24X* - 2Sxy - 7 75* + 83>'s. 
4- 9^* "" 30^ + 27X* - 36XS + i6yz + 7>^. 

5. 12a*- 1320^- 1430^- 156^-144^- 12A 

6. JT)'- i2j^+iiJi:^-iS5*-4Jc?+27j'«. 

7. 4m«(«* + 2/* - 3«/) + S^AS^P + 5»*« ~ 6/w/). 

8. 6a* + 6^*-5^J«+5^-i3«*^+i. 

9. 35a* + 27^-66a^+i4iw- i8^r. 

10. 28^^-44^- i3tfV- 7^2^+ 6a*. 

11. 4jc« + 7 jc*s« - 9)^ - S^y + 7^ 2«. 

12. 27xy-3px* + 9i-i28j^ + 45[/. 

Expressions of irr^^ular fonn containing powers of a 
quantity higher than the square are often very puzzling ; 
but there are one or two cases, which we shall now notice, 
where the Actors can be found with very little difficulty. 

Case Xn. 

If any expression contains a fector of the form x -y^ 
the sum of the coefficients of the terms will be a By 
the form x — ^, we understand a binomial whose terms are 
of opposite sign, having each the coefficient unity. 

In the expression tf*-4ii*^ + 6tf*^-4tf^+^, the co- 
efficients are 1-4 + 6-4+1 = 0; hence there is a factor 
of the form x -y^ which must evidently be ii -^. 

Thus our^urtors are («-^) («*- 311*^+30^-^). Pro- 
ceeding in the same way we should find that €? — yj^b + 
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^al^ - ^ contains a factor a-b^ but we can be saved that 
labour by noticing that this is one of the forms we tabulated 
after Case i., and that it is equal to (a - b)K 

Hence a* -4tf8^ + 6fl2^ - 4tf^ + ^ = (fl -^)*. 

Again, in 3»^- io/«2-59/« + 66, the coefficients are 
3-10-59 + 66 = 0; hence there is a factor of the form 
X -y^ namely m-i. 

Thus %n^ - \on^ - 59W + 66 = (/« - i) (^yn^ - 7»i - 66) 
= (w- i) («-6) (3W+11) by Case x. 

Exercise 12. 

Find, by use of the principle just explained, the elemen- 
tary factors of — 

1. 7JC* - \(ix^y + 150:^ - 6y. 

2. Zcfi - I ifl* - 23^ + 26. 

3. 13^ + i3^y + 5^-31:1:^'. 

i^ 0^- ^x^y + lox^y^ - lor^ + 5Jcy* -j^. 

5. 35»«*-- 22»i*-88«2+io2«r-27. 

6. 4»8-9^y-f 9)^-4^y 

CajseXm 

If any expression contains a factor of the form x -{-y, 
the sum of the coefficients of the odd powers of jp is equal 
to the sum of the coefficients of the even powers of x 
(reckoning o as even), and the same fact applies to the 
coefficients of y. As in the last case, a factor of the form 
X +y means a binomial having unity as the coefficient of 
each term, but in which the signs of the terms are the 
same. 

In the expression i$cfi-/^ix^-i^ -h- iioo^-x-6^^ 
if there is any factor of the form x-\-y, it must be ^ + 1. 

Now, sum of coefficients of odd powers of x 

= 15-14-1 = 0, 
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and sum of coefficients of even powers of x 

= - 47 + 1 10 - 63 = o. 

Hence <af + 1 is a furtor, and from the fact that the sum 
of all the coefficients is o, we also deduce that x-\ \& 
a factOT. 

Thus the expression =(*+!) («-i) (15^-47^"^ + * 

+63). 

Apply the same principles to the last ^tor. 

Sum of coefficients of odd powers of:if~i5 + i = i6. 

„ „ even „ :r= -47 + 63=16. 

Hence ^c + 1 is again a factor, and our expression is 

(jp+i) (:c+i)(jp-i)(i5x*-62X + 63). 
Factorizing i5jr*-62Jc+63 by Case x, we obtain as 
a final result (*+i) (*+i) (^-i) (3* - 7) (S^ - 9): 

Exercise 13. 

Resolve into elementary factors — 

1. 3jc' + &r^+22xy*+i7y*. 

2. 2^ -7a*^- 140^-5^. 

3. 4-2«-3«2 + 3/^. 

4. 6jc*-i9Jif'5y-2iJc2j>2 + 39a:jf' + 35[y*. 

5. 2tf*-7tf*+i8a*+7tf-2o. 

6. 3JC*-2^j^-6jc^j'2 + 4j;^ + 3jpf*-2j^. 

Case XIV. 

In expressions containing the third power of a letter, 
and no higher power, it is clear that if there are any 
factors, one of them must be of the first dimension. 

We can often determine by a few trials whether such 
factors exist or not Take, for example, ofi - &r* + 1 7 jc - 6. 
The only factors of 6 are 3 and 2, or 6 and i. Hence 
the only possible factors of the first dimension are jc± 3, 
.T ± 2, ;c ± 6, ;c± I. It can be shown by the last two cases 



* 
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tenorioCo the iKUt of the boldest, and weshoold be v^ 
aiudoQS to find a fictor before «e soo^t it in this vmj. 

We can avoid the ta^ of actnally dmdiqg oar eipies- 
sioD \3^ the trial CkIois by iccollectmg the foOoving 
important fict. If x-m. be a fiKtor of any ci|Hession, 
die whole expression will Tanish if « be sobsdtBted for x. 

In the expression ^x^ - louc' + 15X ~ lo^ pot x=2. 
Then we have 24-40+26- io»o; .*. x — 2 is a fiKtor, 
the other beii^ 5x< - 4x + 5. 

If we adopt die same method to find a fictor of 
4x'+iQz^+x^ + 2i/', we see that the only 6k:Iois of 
21 are 3 and 7, or 21 and i ; .*. we most substitute for x 
one of the valnes ±3?, ± 77, ± 217, ±jr. We soon find 
that if x= -37, the ^qvession becomes - 1087^+901^ 
— 3I^ + 2i/^=ol Hence the fibctm- wte are seeking k 
x-(-3j),£&x+3j. 

TTiiiS4x*+ icx^+xf*+2ij*=(x + ijr)(4x*- 2xy+ 2j^ 

Exercise 14. 



1. 5x*-62x* + 8dx-99. 

2. 30* — 4***- 1 75^^ + 392^- 

3. 8x» + 3ax^-53xy*-i5j». 

4. 40tf*-7itf*-203«*+i8o#-36L 

5- i6x*-32X^-4Qxy + 8oxy + 9Jj*-i8j"\ 

6- x^-7x*-3x* + 2ix* + 3x'-2ix*-x-i-7. 



Let OS cow consider the focms x*±j*. These are of 
freqaent occuueuce and of great imp<Htance ; the papil 
will ther^se do well to commit to memoiy the following 
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If « be even, «" -y is exactly divisible by both x -^-y 
axiAx-y; a:"+y is exactly divisible by neither. 
If « be odd, «" -_y" is exactly divisible by a: -j' ; 

The fonn of the quotient should be carefully noted. 
It will be seen that in all the cases the powers of x de- 
crease and those of y increase by unity at each term ; 
also if a; -^ be the divisor, all the terms in the quotient 
are positive, but ifa;+_ybe the divisor, theyaie alternately 
positive and negative. Moreover, the remainder, if any, 
is always of the form sj'". 

Thus;— 
a:* ~y T- jc - J- ■= «° + a:*,)- + :ry + a:y + ^ +y. 
:fi-^-i-x*y=xfi- x^y + xfijfl - x'y^ + xy* -jfi. 

ar* +y -r jc -> = a* + fl;*^ + jcV + *y + i^ +y + ^ y' 

a:* +>* -^ a: +^ = »* - a;*/ + a;»y - a:y + «y* -y" + r^- 

:^-^~-x~yx*-\-a^y+x^y^-\-x^-\-y*. 
::fi-]fi-i-x-\-y = !x^-^y-\- x^y'' - x^ +_y* ^ ■ 

2irB 

a;'+y-r■a^-^-a:* + a^>+a^y + *J^+/+^^. 

i^-\-f-i'X-\-y = y^-3^y->rS^y^-xfJr^. 

Examples. — 1. Divide 2430* - 32^* by 30 - 2b. 
Here 2430' = (30)°) and 32^ = (a^)', so that our question 
is identical with : — Divide ar" -y by x -y when n is odd. 
Thus our quotient is 

{3«)* + (3")' (2*) + (3")* k^b)^ + (.l<^) {'bf + {ibf 
= 8i<7* + 54fl»* + 36a*^"+ 2401*3-1- 161**. 

2. Write down the quotient of r + 6z5a^-=-H-sa:. 
Here i = (i)*, and 6253;* = (5a;)', so that our question 
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is identical with : — Divide j^-h-jT by x+7 when n is even. 

Our quotient therefore is i - 5X + 25JC* - i25jc*+ —r-- • 

I +5JC 

Exercise 15. 
Divide: — 

2. 810"+ 1 by 30* + 1. or ' a 

3.08-8^ by tf- 23. 'k»^ ' 

4. xw+y«byx*-y. ^- ^-^"^^+i« 

5. 3i25tf^^ + 243by5tf3 + 3. 8u i -128^? by i + 2fl. 
Tell which of the following have Actors of the fonn 

x-jForx+jF: — 
9. (a+3y-(tf-3y. II. x»+i. 

10. (a+3)^+(fl-3)'. 12. flW^-fl*3*^. 



The following lesolts aie veiy useful, and should be 
borne in mind by die student : — 

(i) o'+^+^-soAr is divisible by a+3+£. 

(2) fl*-^+^+3aAf „ a-b-k-c 

(3) fl*-^-^-3aAf „ a-b-c 

(4) fl*+^-^+3aAf „ a-^b-c 
Finding die vaiious quotients without division isiadier 

a tedious pfocess, but when once found they are easity 
remembered, and we will according^ give them. They 



(i) tf*+^+^-fl3-flr-&: 

(2) i^ + ^ + ^ + tfJ-fl^4At 

(3) tf*+^+^+tf3+tff-^ 

(4) i^+^+^-fl3+«'+^ 

In each quotient the tenns 1^ + ^+^ occur, and the 
others follow a very easily recognised rule. 
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To find the signs of ab, ac^ be respectively, we must take 
the term ± ^abc^ and notice the sign of the quotient when 
it is divided by a, b, c, with their proper signs in the 
divisor. Thus, in the first case, we have - yxbc and + ay 
therefore we expect to find - bcy and so on. In the second 
case we have +sabc and +a; therefore we expect to find 
+ bcj and so on. 

As stated above, the process of factorizing these expres- 
sions is rather tedious, but as it is occasionally. required 
in examination papers, we will now indicate the method 
to be pursued. 

Example. — Factor ize a^-l^-^- yibe. 

{a--b-eY=^{{a''b)~eY^{a-bf'-Z{a-bfe 

+z{a-by-^ 

^a^ - ^aH + z^ - 1^ - Z^^e+tabe- zbh+ zac^ - Zbc^ - (^ 

= {a^-b^-{^- yibc) - {yl^ - ^ab^ - ^abe) 

- (3«^^ - Z^c - ^cu^) + {labe - 3^^ - zb(^) 

= ^ - ^ - ^ - ^abe -{a-b-e) {$ab + ^ae - ^be). 

But {a'-b'-ey = (a-b-e)(a-b-eY 

= {a'-b-e) (a^ + b^ + c^- 2ab-2ae+2be), 

Hence a^-d^-e^- $abe -(a-b-e) (^ab + ^ae - ^be) 

= (a-b-e) {a^ + b^ + {^- 2ab - 2ae+ 2bc) ; 

ue,, a^ -l^ - (^ - iabc=(a-b - c) {a^ + b^ + ^ + ab ■¥ ae - be). 

Exercise 16. 

Find the factors of — 

1. a^ + zxyz-\-}^-z\ 4. i25a^ + 27^ + 9o«3-8. 

2. 1-^+27^ + 9^. 5. ^ + 8)^ + 85^-12^2:. 

3. dr3-8^-27^-i8a^^. 6. 2^a^ '-6^^Z(^-¥i2abe. 



PART II. 

HOW TO USE THE FACTORS. 

HITLTIPLICATION. 

We have already shown that the formula {a + b) {a-b) 
= {a^ - ^) can often be applied to reduce the working in 
a multiplication sum. Similar uses can be made of any 
of the other formulae. 

Examples, — 1. Multiply Z^+sy ^X 3^ + Sy* 

Using the formula {a ^ b)^ = a^ + 2ab + b\ it is clear that 

2. Multiply 4r- 5^ + 3j8r by 4r-5>' + 35r. 

{(4j: - Sy) + 3s}2 = (40: - syf + 6z{/^ - ^) + i)z^ 
= 1 63(^ - 40^^ + 25^2 + 24^j8r - ^oyz + 9J?2. 
In the same way we can use the formula 

3. Multiply 25^2 + z$xy + 49y* by 5^ - ly. 

If 5^ be represented by a and iy by ^, we have to 
multiply a^ + ab-\- i^ by a - b] hence our product is 

We can use the formula {a-^-b) {a^ - ab + b^) = c^ •\- b^ in 
a similar manner. 

4. Multiply xi^ + x^ + x^ + x+i by^-i. 
Remembering the results tabulated under Case xv., we 

see at a glance that the product is ji^ - i. 

5. Multiply together [a + b), {a + 5^), {a - 5^), {a - b). 
Taking the expressions in pairs, we have {a + ^) {a- b) 

= a^-l^, and {a + 5^) {a - 5^) = df^ - 25^. The product 
of all the factors is therefore 

(fl2 _ b^) {a^ - 25^) = fl* - 26^2^2 + 2^b^, 

81 
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By arranging like tern^ in brackets, we can frequently 
use our formulae to great advantage. 

6. Multiply x^ -. mx - nx + nfi - fnn-{- n^ hy x '\' m ^ n. 
Arrange thus : — 

x^-{m + n)x + {m^ - mn + n^) 

X +{m + n) 



x^ -{m + n)x^ + (nfi - mn + fi^)x 

(m + n)x^ - {nfi + 2 w« + n^)x + (m^ + n^) 

The knowledge of our formulae enabled us to write down 
products of two or three terms at a time, thus lessening 
our labour to a considerable, extent. 

Exercise 17. 

Write down the products of — 

1. 2X + 5y-$z 2Jid 2X + $y-y;. 

2. S^-jy- gz and 3x-'^y- gz. 

3. $6x^ + 42xy + 49^/2 ^nd 6x - jy, 

4. Sia^-'ggad+i2id^ and ga+iid. 

5. 25^4 -isa^ + g and 50^ + 3. 

6. 49;c* + i4x^y^ + 4y* and 7^ - 2^2^ 

7. c^-a^-^a-i and a+i, 

8. 8 la* + 54^^^ + s^a^^ + 24«^ +16^ and s^ - 2^ 
Find the continued product of — 

9. (3^: - 2y) (2X - 3y) (2:1: + 3y) (3:1: + 2y). 

10. (2^2 _ i) (20:2 + i) (4^4 + 2X^ + i) (4^ - 2JC2 + i). 

11. (a- b) {a +.bf (a^-ab^r b^). 
Perform the following multiplications : — 

12. {a + b)^x^-'2{a-¥b)x-\-i x{a + byx^+2{a + b)x'\' i. 

13. x^ + 2ax+2bx + a^ + 2ab + b^xx+a + b, 
4. x^''2ax + X'\'4a^ + 2a+ixx + 2a'-i, 
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DIVISIOH. 

Every [vocess (^ ^ctorizing is really a division, one 
factor being the divisor and the other the quotient The 
student has already had considerable practice in this 
operation, so we shall only notice one or two applications 
of well-known principles. 

If we can factorize both dividend and divisor, it some- 
times happens that the factors of the divisor are factors 
of the factors of the dividend Thus if we have to divide 
3^-\ $x^y^ + 36y* by :c* - ^xy + 6y*, we find that :c* - i ^x^y^ 
+ 36y* = (^-4y*) (^^-9;'*), and x^ - ^xy -^ 6y^ ^ (x - 2y) 
{x - 37). Now a: - 2^ is a factor of x^ - ^\ and x-^ 
is a factor of x^-qy^; hence the required quotient is 
{x+2y) (x + ^y) = x^ + sxy + 6y^. 

By the use of brackets we can often perform the opera- 
tion of division very neatly. 

Example, — Divide 0^ - ^mnx + m^ + n^ by x + m-^n. 
X + y^ - ^mnx + (m^ + f^)/x^ - (»i + n)x 

{m + n)^x^ + {m + n)x^ ^ 4- {m^ -mn-k- ffi) 

-'(m + n)x^ - ^mnx 

-(m + n)x^ - (m^ + 2mn + n^)x 

(»*2 - w« -f- n^)x -!■(»«« + »«) 
{m^ '-mn + n^x + (»»* + tfi) 

Exercise 18. 
Divide — 

1. fl*- 2^232+^ by fl2-2dr^ + ^2. 

2. tfi2_^i2bya*-^. 

3. 9:^*- 13x^+4^* by 3;r2-5;r)f + 2^2 

4. fl* + 25tf^^ + 62S^*by tf* + Sfl^+25^. 

5. jfi-ax^-px^-^-qx-^apx-aqhy x-a, 

c 
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7. ^ +y + 2x^y^ - 2^ - 2jp2 + 1 by jc^ +y - I. 

8. m^-{a + b + c+d)m^-^(ab + ac+ad+bc+bd+cd)m^ 
- (abc + «3^+ £7^^+ ^r^»* + abed by w^ - (^ + ^/« + bd. 

6BEATEST COMMON MEAEfUBE. 

When we recollect that the g. c. m. of two quantities is 
the product of all the factors common to both quantities, 
we shall naturally expect our power of finding factors to 
be of great assistance to us, and we shall find that our 
expectations will be fully realized. 

The methods of applying our knowledge can best be 
shown by a few examples. 

Examples. — 1. Find the G. c m. of cfi - ^a^ + ^ab^ - 6^ 
and a^ - 2ab + b\ Both these forms are at once recognised ; 
we see they are (a-b)^ and (a-b)^. Thus the g. c. m. is 
obviously {a - b)^. 

Exercise 19. 

Find by inspection the g. a m. of — 

1. «2.^andfl3-^. 

2. a^ + b^BXida^ + a^^ + b^. 

3. x^+2x^y^+y^ sjidx^-y^. 

4. 4x^-i2xy + qy^ dJid/^x^-^^ 

If both quantities are quadratic expressions, and if they 
have a common measure, we can immediately detect it by 
resolving each quantity into its factors. 

2. Find the G. c. m. of 120^ - 4$ab + 35^2 ^nd 

Proceeding as in Case x., we find that 

1 2a^ - 43^b + 3Sb^ = {3a - yb) {4a - 5^), 
and that 

8^2 + 26tf^ - 45^2 = (2tf 4. gd) {4a - 5^). 
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Hence \a - 5^, the factor common to both, is the G. c. m. 
required. 

Exercise 20. 

Find the g. c. m. of — 

1. a^ + Sad+isd^ a.nda^ + gad + 2oi^. 

2. I -jc-56.«2 and I - i5jp + s6jc2. 

3. lo^c^ _ J gxy - 1 5j;2 and iojp^ + ^ixy + 2 lyK 

4. 66^5^- 11^- 55^2 and 121^2- 121^. 

5. Sa^ - 74<7^ + 105^2 and 24^2 _ ^2ad + 35^. 

6. 7 2Jt:2- 361a: + 44 and 56*2 + 2574? -33. 

It very. seldom happens that we can apply the method 
of Case XI. to a g. c. m., but when it can be done a great 
saving of time and labour is effected. 

3. Find the g. c m. of 2a^'-2id^-4$(^ + a^'\-62^c+ac 
and 3^2 _ 2 1^ - 45^^ - 2a^ + 62dc+ 6ac, 
Re-arranging and factorizing, we get 

2a^ + ab-2 ib^ + ac-¥ 62bc - 45^ 
= (a- 3^+5^) (2« + 7^ - 9^), 
and ^a^ - 2ab -21^ + 6ac-\- 62bc - 45^^ 

= (a- sb + sd (3«+ 7^ - 9^)- 
Hence the g. c. m. is a - 3^ + sc. 

Exercise 21. 

Find the g. c. m. of — 

1 . 204p2 -xy + ^gyz - 6z^ - 63^^ + 2xz and 
30*2 _ igxy + 1 20>'-8: - 33a;2 - S^y^ - 37*2^. 

2. iox^+ioy^-S-2gx^y^-iix^ + ^Sy^ 3ind 
4x^ + 25^* - 8 - 2ox^y^ - 14*2 + ^^K 

3. ii2ab-S4a-g6b + 4ga^ + 64b^ + ^6 2ind 
gSab - gSa - 100^ + 4ga^ + 48^2 + ^g^ 

4. 3Ji;2y + 8*%2 + I ^2g2 _j. 2jy/j8r(7^ - 5 jp - I iz) and 
5jp2^2 _ i6;c%2 + 2iyh^ - {4X -2^y- ioz)xyz. 
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Cubic exptessions, and those of a higher degree, can 
sometimes be factorized by the methods already explained, 
but as a rule, the labour involved is greater than that of 
finding the g. c. m. by the ordinary method. In cases, 
however, where the factors of one of the expressions can 
be easily found, it is always wise to find them, even if we 
do not see our way clear to obtaining the factors of the 
other expression. 

4. Find the g. c. m. of 4Sa^+i6a - 15 and 24^^ - 22a^ 
+ 17^-5. 

By Case x., 48^5^+ i6a- i5 = (i2d5-5) (4a + ^). 

Now, since 3 is not a factor of 5, it is evident that 
24i^-22a^+iya-$ is not divisible by 4^5 + 3; hence, if 
there is a common measure at all, it must be 12a- 5, and 
on trial this is found to be the case. 

Exercise 22. 

Find the g. c. m. of — 

1. 4o:c2 _ ^ixy - 2 ly^ and 1 5^ - 66x^y + J^xy^ - 14;^. 

2. 2X^ +iix- 40 and 8^ - 34^2 + ^j^ _ jg^ 

3. 14^2 - 7 lab + 36^ and 

8a* - 4808^^ + 68a2^ - 69^38 + 27^. 

4. 4Sm^ - 64mn - 7 jn^ and 

ij$fn^ + i^orn^n - g'j2m^n^ - y26mf^ + 6o^n\ 

Although, as stated above, it is generally a waste of 
time to attempt to factorize two cubic expressions whose 
G. c M. we have to find, it is advantageous to introduce 
factors at any stage of the process where it can easily 
be done. 

Example. — Find the G. c. m. of 16^ -240:2 4- 45^:- 27 
and 32^-32^1^2- 14^+15. 

Instead of trying to find factors, let us commence in the 
ordinary way, thus : — 
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16^ - 24*2 + 454P - 27x320:* - 32jp2 - 140: + 15/2 

/32^-48jc^+ 90^ -54V 

iSx^- 1040: + 69 
Now, factorizing the remainder, we get {4X - 23) (4X - 3), 
and the latter factor is obviously the g. c m. 

« 

Exercise 23. 

Find the G. c. m. of — 

1. 2a* + 30* - 3^^ -7^-3 and Sa^ - Sa^ - 4dr - 3. 

2. 1 5:*:* - 5 jx^y + ygxy^ - 4 jy^ and 

1 5^ - 620:*^ + S^x^^ + igxy^ - 99^^*. 

3. 8:1!:® + 26jp2 - 52JC + 21 and i6;k:* - 4ox^ + S3:r - 24, 

4. 45:c* - io6^>' +11 'jx^y^ + 23:^^* - 35/* and 
6$X^ - I i6^_y 4- 1 I7JP^ - I I2^j;3 + 40^^. 

LEAST COMMON MULTIPLE. 

If factorial analysis is useful in finding a g. c. m., it is 
absolutely indispensable in obtaining a l. c. m., since the 
latter process consists entirely in finding factors by some 
means or other. 

A few examples will at once illustrate and explain our 
meaning. 

Examples, — 1. Find the l. c. M. of 240*^^, i(^lfic^ and 
40^jf^A 
Here 24^*^^* 2*X3Xfl*x^xr, 
36^2^^= 2^ X 3^ X a* X ^ X ^, 
^odt^fi =2*x5x«x^xA 
Now the L. c. Bf. of the given quantities is the least 
quantity which contains all these factors. It is 
2'x32xsxd5'x^ X (^ = 36o<i*^A 
2. Find the l. c. m. of 8(a» - ^), i i^aH - a^«), 9(^2 - ^2). 
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Here 8(^8 - *J) « Z(a - b) {a^ + ab -{- b% 
I2{a^ - ab^) = 1 2ab(a - b), 
g{a^-b^) = g{a-b){a + b). 
Thus L. c. M. = 7 2ab(a + b) {a- b) (a^-^ab + b^) 

-=^2ab{a + b){(^-i^), 
or 7 2ab{a^ - ^) («« + ^ + ^2), 

3. Find the L. c. u.oiZa^+iZab - 35^2^ 6a^ + iiab - 35^, 
and 1 2a^ - 35^3 + 25^^. 

8fl2 4. i8fl^ - 35^2 = (4flr - 5^) {2a + 7^), 

6fl2+iia^-35^=(2fl + 7^) (3^-5^), 
1 2a^ - z^ab + 25^ = (4^5 - 5^) (3^ - 5^). 
Thus L. c M. = (4fl - 5^) {2a + 7^) (3/7 - 5^). 

4. Find the l. c. m. of 16^ - 24^2^^2^_27, and 
32:1!:* - 32*2 - 14a: + 15. 

The G. c M. of the quantities is 4^ - 3. 
Hence 16a:* -24^^ + 45^ -27 = (4^-3) (4^^~3«* + 9)i 
and 32a:* - 2i^x^ - 14^+ 15 = (4^ - 3) (8^^ - 2^ - 5). 
Thus L. a M. = (4^-3) (4^2 -3^+9) (8^^ -2X'- 5). 

Exercise 24. 
Find the l. c. m. of— 

1. 22c^x^y^ 33^'^>'^> /^^bx^j^» 

2. i2(^by i6a^f 2oab^c, 24a^bCf ^oab^. 

3. 4aHx+y),6b^{x-y),9^{x^-f). 

4. 3oa(a-^)2, i5(a^-b^), i2a\a + b). 

5. tf5-a2^, a8^2 + ^^^6.^. 

6. 2^-18, 40:2+ 24^:4-36, 3;r2- i8:r+ 27. 

7. ^^2-50:4-6, ^2_5jp4.8, jc2.y^+I2. 

8. 32^2 - 20JPy - 63^, 44a:* - 89^^^ 4- 2 1^2, 
i6:ip* - 56xy 4- 4^% 64^2 4- 144^^ + Siy^. 

9. dfS-^, 084-^, fl3 + 2fl2^4-2«^2 + ^^ 

fl* - 2a^ 4- 2«^2 - b^. 
x^ - yc^y -^xy^ + 2jy^, 3^ -^^-2701:^2 4- 9;^. 
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FRACTIONS. 

Since almost all the operations involved in the simplifi- 
cations of fractions require the use of the two last rules, it is 
evident that factors will be continually called into requisi- 
tion. No new principles will require explaining, since the 
rules of arithmetic apply to algebraic fractions. We shall 
therefore confine ourselves to illustrations and examples on 
the various rules, with only an occasional word of comment. 

Seduction to Lowest Terms. 

Example, — ^ — =3 — -— 

^ a^-^al^ + 61;^ 

The denominator is easily split up into (a -b) {a- 2b) 

(^ + 3^). Now a- bis not a factor of the numerator, since 

the sum of its coefficients is not o, and it is clear that 3^ 

is not a factor of 2^; hence the g. c m., if any, must be 

a - 2b, Dividing numerator and denominator by « - 2b, 

we obtain . — ^r^—, tv- 

(a - ^) (« + 3^) 

Exercise 25. 
Reduce to their lowest terms — 
$6x^- igx- 15 
56^2- 12^- 20* 



I. 



i2X^+i*jxy'- *jy^ 
1 5^ - I ix^y + 1 ixy'^ - zy^' 
jc:^- 21^4-8 
^ 8^-21^+1' 
. (a + bY-(c+dy 
5- la + dy-(b+cf 
r x^ -y^ -z^-\' 2yz 
x^-^y^ -z^-\-2xy 
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Addition and Subtraction. 

Simplify -i 1 ??^. 

1-2* 1+2* I- 4*2 

The L. a M. of the denominators is i - 4*2, thus the 

result is 3(1 + ^^)- 7(1 -2^) -(20^ -4) o ^ ^ 

I - 4*2 I - 4*2 

Add together 

I I J I 

«2 4. ^ab + 2^2' «2 + 5^ + 6^2' ^2 + 7^^ + 1 2^2- 

Factorizing, we obtain — 

V 

I I I 

{a + b) {a + 2b)'^{a + 2b) (flf + 3^) "*" (^ + 3^) (« + 4^) 
J{a + Zb) (g4-4^) + (g + ^) {a + 4b)'\'{a + b) {a + 2b) 

(a + b) (a + 2b) (a + 3^) {a + 4^) 
^ 3g^+i5g34-i8^ 
(« + iJ) (fl + 2^) (a + 3^) {a + /[b) 

3(g + 2^) (g 4- 3^) 
(dr + ^) (a + 2iJ) (^ + 3^) (^ + 4^) 

3 

Exercise 26. 
Simplify — 

I 6y I 



I. 



2. 



* + ay *2 - 9^2 3j; - ^ 
I I 



*2-4*4-3 *2-3*4-2 *2-5* + 6 

2oa2 4.27tf4-9 20^2 + 27^4-9 
I5dr2+ 19^ + 6 i2«2+i7tf4.6" 

2* ^jf-* .2 



(a - 2*)2 tf2 _ j^,^ + 6^2 ^ _ 2* 

a-b a+b 
a^^b^ a^ + b^ 



7 
8 



lO 



II 



12 
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n n^ n\n + mx) 

a^ i^ (^ 



a^-ab-ac+bc t^-ab-bc+ac c^-ac-bc+ab' 
2^ 2:Kr I I 

I II 

2^2 -4/1 + 2 2fl2 + 4a + 2 I -a^' 

x+y-z x-y + z /^(y-zf 
x-y + z x+y-z x^-(j-zY 

I I I 

a{a-b) {a - c)'^ b{b - c) (b - a)'^ c{c - a) (c^b)' 



a -'2b a-b a a-\-b a + ib 



Multiplication and Division. 

^^^ I-8^+I6:r2^I+6a: + 9^2• 
This becomes (4^- x) (3^+^) ^ (4^-i)(4^+^) 

(I -4:^) (i -4^) (1 + 3^) (1 + 3-^) 

or (4^-0(3^+ 1) X (4^-1) (4^+ ^ 4^+ I 
(4j: - i) (4^ - i) (3^+1) (3^+1) 3^ + 

This IS equivalent to ^ / x ^ , ». x — / . r\ =q~> 

remembering that a^ + t^ — (a + b) (a^-ab-k- ^). 



Exercise 27. 

Reduce to their simplest forms — 

a^ + a^b + al^ + lfi {a + b)^'-Sab {a - bf - {(^ - 1^) 
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/ a + x a-x \ / a^+x^ flr^-^\ 

^' Ka^-ax-^x^ a^^ax + xv'^\^'^l^~'W+^y 

3- a^^-l^ ^ a^-l^'-2ab(a-b) 

x^^ZX ^-^ix^^-x xo . 1 / X 

x(j/-i)2-7-(jt:j; + jc). 

^ 20ji[r2+ i^^- 21 i2ji[r2 + ^--6^ 
7. — -0^— ^— — X -^ 



I2^2_|. jgjp_ 21 44^2 _ ^y^ _ I J y 

22^2 _|. 103^4. 9 1 

io:r2 + 49a: + 49 

6^^^2^r 3(^-jF)^ ^j 4(^-^) . ^-^^ in 
^- ^4->' ' L 7(^+^ • I 2i«^2 • 4(^2 _y) /J- 

Some more exercises on fractions will be found in the 
Miscellaneous Examples at the end of the book. 

EaUATIONS. 

The only use to which factors can be turned in Simple 
Equations is to assist in reducing fractional equations to 
their simplest forms. This part of the subject having 
been already illustrated, we shall now have nothing to say 
respecting Simple Equations. 

In Quadratic Equations, however, the case is altogether 
diflferent Here we shall find that the proper use of 
factors will entirely free us, in the majority of cases, from 
the disagreeable process known as 'completing the square.' 

If an equation can be reduced to the form 

(ax + b) (cx + d)=^o, 
it can be solved by equating to zero each of the factors 
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ax-^b and cx-^-d. For instance, if (2JP + 5) (3^-7)==o, 

we first put 2.« 4- 5 = o, whence jc = - 2 J ; and then 

3JP - 7 = o, whence x = 2 J, thus obtaining both solutions 

of the quadratic. 

Most quadratic equations, when simplified, can be 

brought to a form capable of being resolved into factors ; 

if we are unable to factorize the expression resulting from 

the simplification of the various terms, it is a sign that the 

roots of the equation are surds, in which case we must 

resort to the usual method of solution. 

^ w ^o., 2x x-\ 22 '2 

Examples. — 1. Solve 1 = -• 

^ 3 15 * 3 

Multiplying by 15^, we obtain 

10^2 J^X^-X- 330 = lOXy 

or I \x^ - I lof - 330 = o, 
ue. ^^ - :«: - 30 = o. 
Factorizing, (jp - 6) (a: + 5) = o. 

Whence jp - 6 = 0, ^ = 6, 
or a: + S = o, x^ -5. 

2. ^'-*=i. 

2 3 32 

Multiply by 96. Then /^Zx^ - 32^ = 3, 

or ^Zx^ - 32J1; -3 = 0, 

i.e. (i 2;t; 4- 1) (4^ - 3) = o« 

Whence i2jp+i=o, x= -^, 

or 4r-3 = o, x^\. 

£X£RCISE 28. 

Solve the equations — 

1. ^-3^ = 3(9+0?). 

2. <^x^ - 7^: = 2. 

3- '"'wv^r''' 
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+ 



^ ^-3 a:-5 3 

2a: -I 3^-1 ^-7 

^^ .JC+ I X-\-2 ^ X-l 

6. (^ -a) {x-b)^ a(2a - ^). 

a:^ + ^2 2A: + 3^-a 2(^^ + ^^ - ^^) 

7* ^2.^2+ ^ + ^ ' ^2^^2 • 

8. 3Jtr = lo - iJ^X + Z. 

9. ^/2^ + 7 + Jsx- 18= J'jx+i. 



10. JP 



.^31^ ^ 



Some equations, though not quadratics, can be solved 
in the same manner, as the following example will show : — 

2x^- ijx^-2x-^ = 4x + g. 
Re-arranging the terms, we obtain 

2(^2 _ 2.flP - 3) - Jx^ - 2^ - 3 - 3 = o. 

Here, if Jx^ - 2jtr - 3 = ^, the equation is 

2fl52 - fl[ - 2 = o. 

Factorizing, {2a - 3) (^ + 1) = o. 

Whence ^ = f or -i. 

Taking Jx^ - 2a: - 3 = - i, we obtain 

^2 _ 2^-3 = 1, 
:3p2 - 2JP + I = 5, 

/>., (a:-i)2 = 5, :v-i=± n/s. 

Whence .3^= i ± -^5. 

Taking n/:v2 _ 2a: - 3 = f , we obtain 

A:2-2^-3 = f, 
or 4a;2 - 8jp - 2 1 = o, 
i,e,f (2^-7) (2^ + 3) = o. 
Whence a: =^ or ~*. 
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Exercise 29. 
Solve— 

X^ 27 I , ;--5 

2. a:-5-4V^-5 = o. 

4. 2:^2 + 6 - 3(a: + i) - 2 n/2:c2 - 3:3^ + 2 = o. 

6. :v^-2a:2 = ^^-i6:v"1. 

X ' 

7. :x:2 - flfA: = { n/jx:^ -ax + d^- b}b* 

8. (^-a:2) + r^/^23;^«^2^. 

If an equation of a iiigher degree than the second have 
any real roots, the best and surest mode of solution is to 
factorize, and equate each factor to zero, as in the case of 
a quadratic. 

Examples, — 1. ^ * ^ + 8^ - 165 = o. 
We soon find that ^ - 5 is a factor ; hen'ce one of bur 
answers is ^ = 5. Dividing by a: - 5, we get 

^ + *^ + 5^ + 33 = o. 
Next we find that another factor is ^ + 3 ; hence another 
answer is :r= -3. 

Dividing by a: + 3, ^^ _ 2^ + 1 1 = o, 

or x^- 2x^1— -10 'y 

. •. ^ - I = ± J - 10, 
a:= I ± n/- 10. 
Thus our results are 5, - 3, i ± n/- 10. 

2. x{x + 2) {x - 2) (a: - 4) = 105. 
Multiplying out, and re-arranging, we get 
oc^-^-^x^-^-j^x- 105 = 0. 
Factorizing, (x - 5) (:r + 3) (^r^ - 2^ + 7) = o. Whence 
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a:-5 = o, j: + 3 = o, j:*-2:c + 7 = o, from which we obtain 
« = S, or -3, cff i± sp^f,. 

Exercise 3a 
Solve the equations — 
(^ + 3)*-s(*«+3) = 2*(a:+i)^ 

2JC*— «- iX -J J —X^= I J, 

/ a^ + ax + x' ')^ ^ a + 2X 
ya^-ax + x^' a-2x' 
4. 3x{{x~iy + 3} = Sx'+4. 
JX* - ^x^ - 2 -^ 9x{i^ - l), 
3(«-4)'+.9(»-'r-8o(«-=)-"- 
A great number of artifices used in the solution of 
simultaneous quadratics of two unknowns depend upon 
the fonnuUe tabulated after Case 1. We will now give a 
few of the most importajit ;— 
(I) x+y= 7. . ■ ■ (I) 

xs+y^=3y. ... (a) 
Squaring (i), 

«« + 2«j'+/-.49. (3) 

Subtracting (a) from (3), 

2Xy = 2o. . . (4) 
Subtracting (4) from (a), 

Whence a:-^" ±3. 
Combining this result with (i), we obtain 

x = 5 or 3,^ = 2 or 5. 

A similar method is applicable to equations of the form 

*-J = 3. 

x'^+_y^ = 4g. 

(i) x+y^ii, . . . (,) 

' xy=2%. . . . (2) 



^ 
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Squaring (i), 

X^-\-2Xy-{-J^^ 121. 

From (2), 

^y =112. 

By subtraction, 

jc* - 2xy +y^ = 9, 

Combining this result with (i), we obtain 

^=7 or 4,^^ = 4 or 7. 
A similar method is applicable to equations of the form 

xy = 28. 

(3) ^2+y=^82, . . . (i) 

xy= 9. ... (2) 
From (2), 

2^_y=i8. 

Adding this to (i), 

x^ + 2xy +y^ == 100. 

Subtracting it from (i), 

x^''2xy+y^ = 64. 

Hence x+y= ±10, 

x-y= ±8. 

Thus x— ±9 or ± i,^= ± I or ±9. 

(4) ^+y=i89, . . . (i) 

x+y= 9. . . . (2) 
Cubing (2), 

{x^ +y) + 3xy{x +y) =729, 

/>. 189 + 27^1^ = 729. 

Whence ^ = 20. 

Combining this with (2), as in Example 2, we obtain 

^=5 or 4,^ = 4 or 5. 

A similar method is applicable to equations of the form 

x^-^y^^^Siy 
x-y^i. 
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(5) x-y^ 2, . . . (i) 

^-y=544. ... (2) 

Assume x = u-\-v, 
y = u-v. 
Then ^-^ = 22^=2; .•. z/= i. 

Also ^ -/ = {X^ +J^2) (jp2 _ y). 
Now a:2 +y = (« + z;)2 + (« - z;)2 

= («+ l)2 + (« - l)2= 2«2 + 2. 

And X- -y = (« + z;)2 - (« - z;)2 
= 4«z; = 4« ; 
.-. ^-y = 4«(2«2+2) = 544. 
Hence «^ + « = 68. 
Multiplying by «, 

«* + «2 = 68|^-.4x i7«, 

Taking the square root, 

«2 = 41/, « = 4. 
Thus a: = « + z'=5,^ = «-z; = 3. 

(6) 3^2 - 4^;^ +y « 20, . . (i) 

23^ -if-- 4. . . (2) 

Dividing (i) by (2), we obtain 

lx^-^y-\-y'^ _^ 

2X^ - 7^ ^' 
Whence s^x:^ _ ^y ^yi == icxr^ - ^^\ 
or 7^2 ^ 4^^ _ 25y _. o^ 

/>., (7^ + iSy) (:r - 2y) = o. 
Thus^= ~TO^ or J-^. 
Taking J' = -^ff^, and substituting in (2), we get 

x^ ±-^,y^ +-/^^- 
V305 V305 

Taking ^ = J:r, and substituting in (2), we obtain 

^= ±4, j'= ±2. 
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The above are only a few of the plans adopted in the 
solutions of simultaneous equations. An acquaintance 
with all the methods is only to be obtained by practice, 
and an account of only a small portion of them would 
occupy more space than the whole of this book. Suffice 
it to say, that the farther the student penetrates into the 
subject, the more convinced will he be of the incalculable 
advantage derived from the abijity to handle factors with 
dexterity. As a large number of equations will be found 
amongst the Miscellaneous Examples, we shall not give 
any here, but shall at once proceed to the next subject 
which claims our attention. 

EVOLUTION. 

When an expression consists of more than three terms, 
the best method of extracting its square root is undoubtedly 
the ordinary one ; but in the case of a trinomial, the square 
root can be at once written down by the use of the 
formulae : 

a2+2a^ + ^ = (fl + ^)2, 

Take, for example, <^x^ + 2^y + 16^2^ 

Here, if cfi^^x^^ and I^^idy^^ we have ^5 = 3^?, ^ = 4^, 
and clearly 2^^=24:^^, which is our middle term. Hence 
the square root required is 3a: + 4^, or "^x - 4j^, and the 
sign of the' middle term shows that the former is the 
correct result 

Again, take 2^o(^ - iiox^y^+ 121^. 

Here a = 5^^ ^ = i ly^, and on examining the middle 
term, we find that it is twice the product of these quan- 
tities, t\e, 2ad. 

Hence the square root required is ^^ - i ly^, the nega- 
tive sign corresponding with -110:^8^^. 

D 
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Exercise 31. 

Write down the square roots of — 

1. x'^''i^y + ^. 

2. /^^x^ +11 2xy + 64>'2. 

3. 25^2 - 170^ + 289^. 

4. 9^-42^^2 + 49. 

5. {x- 2f + 6{x^ - sx+6) + ^{x - ^)\ 

6. (^* -5)2 + 1 4^(^2-5) + 49^^- 

By the use of the corresponding formulae for the cube 
of a binomial, we can extract the cube root of an expres- 
sion when such root contains only two terms. These 
formulae are : 

tf» + 3fl2^ + 3a^+^»(a + ^)8, 

It should be noticed that in the first formula the signs 
are all positive, while in the second they are alternately 
positive and negative. 

Examples. — 1. Find the cube root of 

8jp8 + 1 2X^y + 6xy^ +y. 
Here cfi — Zx^^ ^=j^, so that a = 2x and b=y. We 
have now to examine the intervening terms for the pur- 
pose of discovering whether they are of the forms ^a^ 
and ^€ib\ 

Now i2x^y^ 3 X 4^2 x^ = ^a^y 
and 6jcy2 = 3 x 2x x)^^^ab\ 
Hence our cube root is evidently 2x +y, 

2. 125^- 225^+ 135^2 _ 27. 
Here fl^= 125^1^, ^ = 27, so that a = ^x^ and ^ = 3. 
•Also 225JC* = 3 X 25^ X 3 = 3^2^, 
and isSx^-3 x S^^ x 9 = 3^^. 
Thus our cube root is 5^^ - 3. 
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Exercise 32. 

Write down the cube roots of — 

1. ^ + 6jt:2^+i2:vy + 8/. 

2. fl5« - 3^1*^ + 3^2^ - *•, 

3. I -* 2 i:x: + I47jp2 - 343^. 

4. 8a^ - 1 32«*^ + 7 2(ia^t^ -1331^*. 

6. 8(^ + 2)8 +12(^ + 2)2 + 6(^+2) + I. 

BATIOKALIZnrO DENOMINATOBS. 

If the denominator of a fraction contains a surd, and 
we require to simplify the fraction, we can avoid the in- 
convenient process of dividing by a long decimal, by a 
simple operation known as Rationalizing the Denominator. 
We shall only deal with those containing quadratic surds, 
and it will be found that the simplification of these depends 
entirely upon the formula (a + 3) (^ - ^) = a^ - b^. 

Suppose the denominator of a fraction is of the form 
X + tsfy. It is clear that if we multiply both numerator 
and denominator by :r- ^fy^ our denominator becomes 
rational, since (:«+ ijy) (x- ijy)^x^-y. Similarly, if 
the denominator were x- Jyy we should multiply by 
x+ Jy. 

Again, if the denominator be of the form ijx ± Jy, we 

must multiply by n/^+ Jy^ producing in either case 
x-y. 

Also, if the denominator consist of three quadratic surds, 
it can be rationalized in two operations. Take, for in- 
stance, Jx-^ Jy^ t/z 3SB. denominator. 

If we multiply both numerator and denominator by 
Jx+ s/y- sfz, our denominator will be ^ +jf - ^ + 2 Jxy. 
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Next, multiplying by x ■\' y-z-2 >/jcy, we shall get 
(pG ^-y-zf- \xy^ a rational quantity. 

4 + 2 v3 
Examples. — 1. Rationalize the denominator of t^- 

Multiplying numerator and denominator by 2 - >/2, we 

, (4+2V3) ( 2- >/2) , . , , 

get : 7=^7-7 7=ir, which becomes 

^ (2 + *J2) (2 - V2) 

^ + 4^-^^"^^ = 4 + 2V3^2x/^> >/6. 
4-2 

C "4* i^2 

2. Find the value of 3 — !i_ correct to three places of 

S- V2 

decimals. 

_, . (5 + n/2) (5 + >/2) 27 + IOn/2 

The expression = Y rk^ r={ = 

(5 + V^) (5 - V2) 23 

41*1421 
= — j^= 17887 = 1789 nearly. 

3. Simplify ^^+^^^ 

V2+ V5+ V3 

Multiply numerator and denominator by J2+ sTs^ Js* 

Then (>/g+ >/5~ ^/3)(^/g+ >/5- >/3 ) 
(>/2+ V5+ ^f3){^/2+ n/s- ^/3) 

10 + 2 /s/io-2 >/6-2 n/i5 5+ n/io- >/6- n/i5 

4 + 2 \/lO 2+ n/iO 

Now, multiplying numerator and denominator by 
2 - >/io, we obtain 

4-10 
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Exercise 33. 

Find the value of the following quantities, each to three 
places of decimals : — 
I. j 5. V2 + 1 I >/2-i 

V5-I 7 + 2VII 

n/7 + 2 y^ I 

/v/7-2 >/2+ ^/7- ^/s* 

4. j:^. O. j= p. 

I - V.9 1+ V2- V3 

EVOLUTION OF SUBDS. 

Bearing in mind the fact (proved in most treatises on 
algebra) that if 

^a+ »Jd= Jx+ tjyy then sa- ijb^ six- sly, 
we can easily extract the square root of a binomial surd, 
by a method which we will now exemplify. 

Example, — Find the square root of 8 + 2 kTi^, 
Assume 

V8 + 2\/i5= Jx-^ Jy. . (i) 
Then 

'JZ-i sfi^— Jx" sly. , (2) 

Hence, by multiplication, 

j64-6o=x-y, 
t,e,i x-y = 2. 
Now, squaring (i), 

8 + 2 sliS='X+y+2 sixy, 
and, since the rational parts on each side are equal, we 
have x+y = S, 
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Combining this with x-y^2y we obtain a:= 5, ^ = 3. 

Hence v8 + 2is/is= /s/5+ nf^. 
It is occasionally possible to extract the square root of 

an expression of the form a+ JJ+ »Jc by s. somewhat 
similar process, but as the problem is of very little practical 
importance, we shall not here insert it The student who 
is curious on the subject, and also on the method of 
extracting the cube root of a binomial surd, may consult 
Todhunter's Algebra for the Use of Colleges and Schools. 

Exercise 34. 
Extract the square root of — 

I. ^2 + 10 sTj, 4. IO-2n/2I. 

2, u -6 J2. 5. 3o-^2^/6. 

3. 12 + 2 is/35. ^* '^® + 2 *^/99» 

MISGELLAXTEOnS QUESTIONS. 

1. Reduce to its lowest terms ^ — ^^f ^ . 

^ + 5^ + 6 

2 "4- Ki K "4" iw/ 20 

2. Give the value of i-_Jz — as far as three 

I + V45 
decimal places. 

8. Solve the equations — 

(a) ^+ y = 65 , jg+j^ = 5. 

{b) x+ Jx^ -y = 8, x-y^i. 

(A £5^Zi^ = ^ ^-4 
^^ iojtr + 8 '^'2Ji:-4 

4. What is the value of ^'^'^ ^ to three decimal 

V56 + 3V14 
places ? 

5. . Divide (^ - 6:^^+ ii:r - 6) (a: - 4) by ^ - i, and x-y 
^v x^ -y^* 
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6. SimpUfy '^SZ^ and {x^-x^y^+yh (x^+yK 

X — 2 

7. Multiply a^ - aa^ + ^by a^-^iab-^-b^ and a-b-c-d 
by a-b + c+d, 

Jx+y tjx-y 

8. Reduce to its simplest form f~^ — . . -^ ^ 

>Jx +y ijx -y 

six -y fjx +y 

9. Show that (a^ + b^ + c^) (x^ -¥y^ + z^) - {ax -{- by + cz)^ 
==(bZ''iyY+ (ex -az)^ + (ay - bx)^. 

10. Calculate the quotient of the former by the latter of 
the two expressions — 

(x-i)(X'-b) (x-'a)(x+i) 
(a + b) (x + b) ^^ (a + b) (x+bY 
(i-x^)(a-b) x + a 

11. Find the product of the four factors — 

(x+y + z) (y-¥z-x) (z+x-y) (x-{-y-z). 

12. Show that the algebraical expression 
(cy-bzy + (az-£xy + (bx-ayy + (ax + by + czy 

is divisible by x^ +y^ + z^. 

13. Show that the algebraical expression (x^ - yz)^ 
+ (y^-zx)^ + (z^-xyy-^(x^'-yz) (y^-xz) (z^-xy) is a 
perfect square. 

14. Find the factors of — 

(b) 35:r2-6wp>^+24y. 

(c) a«-8^». 

(d) 8jc*-2a;^- iia;+i5. 

15. Find two numbers whose sum is 13, and the 
difference of whose squares is 39. 
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16. Find the numerical value of ?!±-^!fc^+£!^i^^ 

when a = s, ^ = 6, ^= 4, to two places of decimals. 

17. Find the l. c. m. oi^k^ -9f,4f^ -f, ^-Zky->t ^y\ 

18. Show that if ^^=(^^5, then 

19. Find the numerical value of ^v ^ ^ ^^^ when a=x, 

b=4^c=S' 

20. Solve the equations — 

(a) Vtf H-^+ tja-x = 2 six. 

(l - *)* 

v^+i 

21. EHni-f '^^''^^ "" 'y '^^ tf> itT Timplr-Tt form 

22. Fmd the L. a M. of 7(^2 -^), 9(tf + jir)», i5(a-^), 

3(a2 + :i:2), 2l(tf*-JP*). 

2a Multiply (fl + ^)2 + (flf-.^)2 by (a + ^) {a-b\ and 
divide the result by <x*+a2^ + tf^+^. 
24; Reduce to a single fiaction — 

tf+jc a — x 2ax a*+a^ 



25. Reduce to its simplest form the fraction — 

240:* - 82:c* + 89^ - 30 
7 2Jif* - 306^ + 469a:* - 3oto +72' 

26. Show that 

( m--a){n-a) { m-b){n-b ) (m'-c)(n''c) 
(a-b){a--c) ■*" (b'c) (b-^a) "*" (c^a) (c-b) ~ ^' 
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27. Reduce to its simplest terms ^^_ 24. * 

28. Of two square fields, one exceeds the other by 100 
acres, and its side is longer than that of the other by 400 
yards. Find the length of the side of each field. 

29. If ax + dy=^i, and ^ + ^y = TT7> then ax^ + fy^ 

80. Find the l. c. m. of i -Sx-{-i'jx^ + 2:x^ - 24^* and 
I - 2x - i$x^ + ^S^ - 24x1^. 

81. Solve the equations — 

(a) (x-ha) (x + ^a) {x + 6a) = (x + 2a) (x + 4a)K 

(b) x-^- iJxy'^iSfX-y^g, 

82. If - + r + i3::;=o, and - + - + rx^ = o, also 

a a-rx a c n+y 

III , - 

- + - + - = 0, then a-^-b + c — o. 

a X y ' 

83. Find the l. c. m. of 2i^^^ 4Sfl?^*V, TS^^^J', and 
\oo€^xy^, 

84. Reduce to its lowest terms — 

jc^ + 4y^~ i9Jg^~46jc+i2o 
Jc*-25^^+i44 

86. Find the g. c. m. of 45^j' + 3:r2y-9j(?y + 6y*, and 
54^2>'-24/. 

86. Resolve into elementary factors — 

o^-^xy-^y^y x^ - y"^ " z^ -V 2yZy 
{x^ + xy -y)2 - (x^ - xy -y'^f. 

87. Find the value of sfi-Sj^+2gs^'\-i%xyZy when 
2y^X'¥^Zy and z^^. 

88. Divide (:i:« -/) (^ -j^) by (^ -/) (^ -/). What 
is the value of the quotient when x^^y^i} 



;8 Algf^raic FaeUrs. 

39. Solve the equations — 

(4 ^/i^+T- VF^ 



40i Show that ;»* +^ + (a: +^)* is divisible \iy:^\xy \y^ 
without Temainder. 

41. If *-^ then («-«:)«+(*»- 1) (^-rf*) is a 
complete square. 

42. Solve the equadoos — 

(a) ^- J — a-. 

x~\ x-% x-i 
(b) Jc(>' + «) = »8,j'(a: + «)=i8,j:(*+>')-30. 

43. Find the square root of 39+ 11/1496. 

44. Factorize m^~n^-^-\-^-%(mq-nf), jc«+j:*+i, 
^+1^-1 _ a»+ii-», a^ - (^ - a)«. 

49. There are two numerical quantities such that twice 
the first added to the reciprocal of the second is equal to 
the second ; while the square of the second, together with 
the product of both, is equal to 4, Find them, 

46. Supposing ^ to be ver^ much greater than x, find 
the greatest integral fourth root which is contained in 

1 6jf* + 3 2**/ + 24JPV + 4«y* +J*. 

47. Solve the equations^ 

3? + ^yz =_f^ + 3XZ = 2* + ixy = 3a', 

48. Show that if /*->* = («- a)", y«-y = {«-^)s, 
r^ -y^ = {s- c)\ and a, b, c, are all different, then 

/(«-4+?'('-«)+''{«-4) + («-4('-'>) («-«)-=• 

49. Di\ide unity into two parts such that the product 
of the whole and one of the parts shall be equal to the 
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square of the other part. Give the answer to three places 
of decimals. 

SO, Given o^ - \(a + *)(/ + q) -^pq = o, 

and cd-^{c'\-d) (/+^)+/^ = o. 

Show that if <i or ^ is equal to c or dy then p is equal 
to q^ unless a +^=^+^, 

X 

61, Find the value of -, having given 

x^-^aj^ x"^ - b{x -yY 
x^ + ay* " x^-^-bix -y)^' 
52. Show that 

2{a-b) (a-^) + 3(^-^) {b-a)-^2{c"b){C'-a) 
is the sum of three squares. 
68. Simplify— 

T 4 

/M I 3 2 

54. Solve the equations — 

{a) ax'^ " bx ^ a •{• b, 

{b) ^+> = 3»^+/ = 3- 

55. A man buys a certain number of acres of land for 
;i^i6oo ; by selling it at £2% an acre, he gains as much 
as he gave for 3 acres. How many acres did he buy? 

56. Find the factors of i -(• ^'^^^"'^T , 0^-10^^ + 9, 

\ 2yz ' 

20G^ - * - I, abx^ + 4^ - b)x - A 

57. Given that a\b\\b\Cy show that 

a2+^+^==(fl+^+^) (a-^ + 4 

58. Show that the value* of (a^ - be) + (^2 - ca) + (^ - a^) 
is not altered if dr, ^, and c are each of them increased or 
diminished by the same quantity. 
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Ml a caipe^ in diape a lectan^e, has an area of 315 
square feet; if a piece is taken d^ so as to rednoe its 
width by 3 feet, the remaining area is f|^ ^'^ ^^'^ <^ 
would have been had its length been rednced bjr 3 feet 
What are its length and breadth? 

SL Ka]t^jd^-j::'b7a^'j^, and divide the resakbf 

+(r-tf) (tf+^) (^+4«andfinditi vakiewhentf=i,^^3, 
CS. find, as a fraction in its lowest tenns, the value of 



J«^-3**-i5*+25 x*+7j:«+5jr-25 
61 Solve the equations — 

69. What is the least integialnniltiplier which win make 
lyjr* ' 6S^4- io2;r*^ ' 6&r^ + i7jr|^ a com{^ete cobe ? 

66. A rectangular plot of ground measures 42 acres, 
and its ^agonal is 1243 jraids long. Find its sides. 

67. Factonze ^ + ^Ebc + A*-^, j:^+>*- hjk^, 
jr*+ 2<f(3*- A^ +&f* -^*^. 

68. Find the couditknis in older that ^•k-mab'^i^ voay 
be a ^ulor of tf*+tf¥+^^4-a^+^*. 

69. Divide (22X + 3jr - «)« - (lyjt - 2|r + 35)* by 

70. Knd the highest common divisor of 
jc^+4J»'+4tflr<'9tf*, and Jc^+3ax^+5tf<jr+3tfS. 
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71. Simplify— 

m (a-bf^{p-cf^(c-af 

72. Solve the equations — 

(a) JC + 4 + W 5 = 

73. Reduce to its lowest tenns — 

^C* - dWC® - yi^x^-\-^€^x - 2«* * 

74. Divide 2a^ + 7^^^ - i^\a + ^) by 2a - 5^. 

75. Simplify— 

{(«~^)2 + 4ii^}^x {(a+^)2-4a^}t 

76. Reduce to elementary factors — 

77. Solve the equations — 

/ V 2 2 

W ^ y + 7— 1 = ^- 

X-k- sl2-X^ X" >J2-X^ 

j/w - 2^ 2 "" 4a - 6/w' 

78. Multiply ^ + 2y^ + 32* by * - 2^ + 35:* 

79. Reduce '^(^'-/)+^.y(«'-^) . 

80. Find the l. c h. of «»+a:«+ jr+ 1 and «* - ar^ + a: - i, 

81. Subtract («* - s)« from (x - 3) (a; - i) (jc + 3) (« + i). 
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82. Divide 

83. Find the lowest common multiple of the two 
expressions jc' + 6j: + s and sfi-x, 

84. Reduce to its simplest form the fraction 

nfi - 6m^ + I 2»i - 8 
nfi - 2M^ - 4m + 8 ' 

85. Divide the number 20 into two such parts that the 
square of the greater shall exceed the square of the less 
by 80. 

86. Solve the equations — 

(c) X'-y=2yX^ +>* = 706, 

87. Prove that if any number be divided into two parts, 
the sum of the squares of these parts is least when the 
parts are equal 

88. If ^+4 + -^^.= 0, prove that 

I -ad i-ca 

<J + ^ + r+^=a^afli + i + i + i\ 

^a p c a' 

89. Multiplyjp^-a:* + ici-jp"*by^*4-:r*. 

90. A railway train travels 288 miles at a certain average 
speed, and, if the speed were 4 miles an hour greater, 
would perform the journey in an hour less. What is the 
average speed of the train ? 

91. Resolve into elementary factors— 

2^ - ^ah + 2fl* -^-bx-ax-o^. 
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98. Solve the equations — 

^^' Tf^^~Y) 4(^+1) "8* 
(p) 3^-7*' + 4:r2+^- 1=0. 

98. A number of persons undertake to erect a public 
building, contributing equally to the cost, which was 
;^5ooo. Whilst it was in progress, 15 of the number 
became bankrupt, and 10 others refused to contribute to 
the deficiency thus occasioned. The deficiency being 
equally borne by the remainder increased the contribution 
of each by 15 per cent What was the total number of 
subscribers ? 

L+JL-i ^+i-i l+2_i. 
94. Simplify f f ^ ^ ^ f ^' Z ^ ^ Z 1 - 

96. If /^ + 1 23fiy + nx^ji^ + 6xy^ + j/* be a perfect square, 
find n, 
96. If J = J(a + ^ + c), prove that 



I - 



2hc _{s-^) (s- c) 



^_^^j¥fj-€fi ${$-0) 

2bc 

97. Find the G. c. m. of jc^ -y^ and :xl^ -f^. 

98. Expand the continued product — 

a^x\i -^a'^x) (i ■{-a^'^x-a'''^) (i -x''^a) (i - x'^a + x'^), 

99. Solve the equations — 

(a) kjzx - I + kj^x - 2 = ^4^-3 + Jsx - 4. 

{b) Zx^ + 81 = 180:^ + 4S:ri 

100. A horse is sold for £2^ and the number ex- 
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pressing the profit per cent expresses also the cost price 
in pounds of the horse. What did the horse cost? 
lOL Show that 3 is a root of the equation — 

X* — 7 

1021 Find the u c m. of sx^- 15^+ lo, 64^ - 6ji: - 12, 

and i2jr*- 12. 

108. Reduce to its amplest form — 

II 4 
2 — — 

j::*-5Jf*+4 X x + 2 , x 



JP'+I I , I 

101 Simplify 

105. Multiply :r*+^tfi-^i)-tfM by jc«-*(tfi-^*) 

106. Solve the equations — 

(d) 2«*-3:ty+j^=24,**-2xy+7*=9. 

W (^'-J^) (x-jr) = i6^, (;t*-y) (:i:«-y) = 64a*y. 

107. The product of the sum and difference of a number 
and its reciprocal is 3! . Find die number. 

108. Divide {«» - 9«*^ + 230^ - 15^) (a - 7^) by 
a«-8fl^+7^. 

109. Simplify the expression — 

x^ +>• x-y ^x^- x^+j^ 
xfi-j^ x+j ' jc*+jcy+y* 
and find its value when x=y. 

X^ — AX^ + KX — 2 

110. Simplify inr * ^^^ ^^ ^^ factors of 

^+3<w^+J''-«'- 
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111. Solve the equations — 

Ji-x X 6' 
{b) x^Jtxf^ 180, *«+y = 189. 
(i) x+y-^z^Sf ^+^+^^ = 38, **+y + «'=2i6. 

112i Two men start at the same time to meet each 
other, from towns which are 25 miles apart If one takes 
18 minutes longer than the other to walk a mile, and they 
meet in 5 ho\u:s, how fast does each walk? 

113. Prove that any trinomial is a complete square, if 
the square of the middle term is equal to four times the 
product of the first and last terms. 

114. If yz^ *Jay^ - a\ and xy^ Jax^ - c^^ find the 

value of - ijaz^ - cp^ in terms of x, 
z 

115. Find the value of a when the fraction 

ofi + (2a " \):^ + Jg + 1 
0^ + (2a + i^x^ + 3JC + I 

admits of reduction, and reduce it 

118. Find the o. c m. of «* + 3**- 7:^2 + 3:3c + 28, and 
x^ + 2*2 - 1 1 jc + 20. Find also their l. c. m. 

117. Simplify— 

7 3 . " 



(«) 



2(j|[:-2) X'\-2 /^"X^' 



I I 

1 -z X-- 



,. I I * i-^-x-^x^' 

X ^ 

118. Solve the equations — 

(a) {X''i)(x-2)(x + 3)-(x+i){x + 2)(x'-4)=.s4- 
{b) x^-xy^/^ ^-y=28. 

£ 
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119. Divide {x^-f) (pf/^^-fofi^ffi) by {x^ArpX'\'f) 

120. The difference of two numbers is 6, and the dif- 
ference of their squares exceeds their sum by 70. Find 
the numbers. 

121. Find the g. c m. and L. c m. of «*-y, ^+y, 

122b Reduce to their simplest forms — 

S^/^- ^/3 and / 7= 

128. Find the continued product of x^ -¥ x ^-¥7^ 
x^-x ij2 + 2y x^ + x j6-¥2^ and x^-xJS + q, 

124. Express :i^ + |^ as the product of two real quad- 
ratic factors. 

125. Find a number which shall exceed its square root 
by no. 

126. Divide (3^2 ^ Sab + ZlPf - 4(^2 - a^ + 2^)2 by 
5^2-80^+12^. 

127. Reduce to their simplest form — 

(a) i+;v2 + ^-^^jj» 

«(-s)(-s-i)'-('-j)' 

128. Express (jc® - 3:^2)2 - (3^1; - 1)2 as the product of 
five real integral factors. 

t^ « 484 

129. If Ji[:s=s+ ^/3, show that ;c2 + xjr = 55^ 

X 

180. Solve the equations — 

, . 2IJC^- 16 

(b) 2lX^-'100X^-\-22^X^ ^^0^+111. 



ANSWERS TO EXERCISES. 



Ezerdse 1. 

4 s*8(*« - 3a:2 + 7* - 1 5). 8 . » _ \ , J / 

10. a« - 20* + 7^) («,2 _ 3^„ + 5^2) 5-F My a 20). 
n. (a - /J» +^») (a;2 - 5^! + 1 1^2). 
12. 8/w2««(a-^)(* + 3j,). 

Exercise 2. 

1. (2a + 3^) (2a -3^). 1. a2 4 

2. (f + l)('f_4\ ^'^ 4-^9- 

V4 a;/ V4 ;«r/ 15, 9^2^^ _ 25. 

8. (6*y+i)(6*y-i). 16. a*-^2(a+h-a^^. 

4. (*+;'+*).) (jf+^-jpy), 17. 8i*«-i6i/*. 

6. (« + «-/) («-«+^^. 18. «*- !---_. 

7. (x^ + 9) (* + 3) {x - 3). 19.«'».- 2ac-bi-2bd+(?-di 

10. {c+a-b){c-a + b). ,„ * 

11. (a + <> + tf-^)(a + ^-r+rf). *81. «"_££ _^.^ I 
12 fa+J' + g)(jK+g-a;) T t' T 

18. 9*2-49. "' f>\ ^ ac 
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aseS. 



1. (2a -3^) (4^2 + 6^1^ + 9^). 

8. (l^-i^^XV^^+^ + wJ^)- 

5. («+^-8)(a2+2a^ + ^ + &i + 8^ + 64). 

^- — 3?^ W 

Ezercusel. 

1. {2flr + 3^) (4i^« - 6a^ + 9^). 

2. (5/ +1) (25/^-5/ +^)- , ^, 
8. (a + ^)(tf*-a^-3^+^ + 3*^+3n- 

6. \x+y){x^'xy-^f){pfi-cfif'¥y'). 

- <l + 2^ tf2 + a^+^ 
C ^ 

fl 3 + flf + * 9-3g--3^ + g*+2g^ + ^ 



Bx6rci8e5. 
1. (tf2 + 3flf + 9)(«*-3« + 9)- 
8. (^<i«+^)(«* + 3^). 



Answers to Exercises. 69 



7. 9(^2 + ^ + 3^) (^2.^ + 332). 

8. (5^2 ^xy- zy^) {^x^ -xy- 3^). 

9. {m^ + ^mn + 8«2) \tn^ _ ^tnn + 8«2). 

11. {nx^ -^t wxy -^r fjf) {ix^ - x\xy -k- ^% 

12. (i id!2 + 270^ - 3^2j ^i j^2 _ 270^ - 3^2). 



Exercise 6. 

1. (x -y) {x +>) (x^ - xy +y ) (x^ + ;ry +y). 

\2 5/^2 5^ ^4 10 25/^4 10 25/ 

5. (2a - 3) (a^ - 3« + 3) (3«^ - 9« + 7)- 

6 _ 3^ + ^ 2g 4^5^+20^ + ^ 4^2 + 60^ + 332 

+9/) (2s^+9r) (62S:C*-22S^y+8Ty). 
8 ^^ 2^ 3a2+32 ^2^332 



Exercise 7. 

1. (^ + 2) (^+13). 

2. ia + ^d) {a +i2d). 

3. (JP+>) (:r+i4y). 

4. (x+i) (;c + 299). 

5. ^w + 48«^ (m + 2«). 

ft (a^ + 3^^) («3 + 14^^?). 

7. ^« + 3 + 2) (a+3 + 9). 

8. {x + 6y+sz) (x+iqy+iSz), 

9. (tf+i8) (<i+io). 

10. 2{Sx - yy) (sx - ^). 

11. (<i + 3) (a* - o^ + ^) (a3 + 18^). 

12. {x + 2j^) (:x:2 - 2xy + /y/*) (^ + 23/). 
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Exordfie 8. 

1. ix - 3) (JP - 62). 5. (mn - 25/^) {jnn - 48/y). 

8. (^2-3^) (a2-48^). .7. (a:-ii)(jc-7). 

1 (jc* - 1 1) («* - 84). 8. (sa - io> (i8a - 55). 

9. {« + 3^)(«-3^)(«^-i7^. 

10. (jc-2j^)(a:+2j)(^ + 4)^)(*«-iy2)(.T8 + 5/). 

11. (>w~i)(/«2 + »»+i)(»|3--i3). 

la (^-2^)(fl8-3^)(a« + 2flS^ + 4^)(a« + 3tf»^ + 9^«). 

Exercise 9. 

1. (x -^ iiy) (x - 'jy). 1 (tf + i7^)(«-3^)- 

2. (JiP - isr) (* + Sy)' 5- (/ + i9f ) (/ - Sf )• 

3. (a-i9)(a+ii). 6, (ad'-6sai){ad'^gcd). 

7. (a-3^)(<» + 3^)(«^+i7^)' 

8. (:«:-3J')(^ + 3*J'+9/)(^ + 7/). 

9. (x + 2j^) (;r« -2xy-¥ 4^) (^ - 3SJ^)- 

10. (a-5/^)(a+3^)(tf«-3fl^ + 9^2)(«2 + 5«^+2S^)- 

11. 2(1 la - 10^) (3^ - a). 

12. (i-ii<i+ii^) (i + ioa-io^). 

Exerdse 10. 

1. (i6jp + 27) (x + 1). 5. (2m - 27«) (8« - n), 

2. (8jp - 27j^) {2X -y). 6. (4 + 3'^) (4 - 9*). 

3. (4a + ^) (4a - 27^). 7. (i6;r)^^ - 9) (xyz + 3). 
1 (16^ -j^) (x + 27y). 8. (8a + 9^) {aa + 3^). 
9. (i6a + 16^ + 3r + 3^?) (<i + ^ + 9^+ 9^). 

10. (8*-3Lr-23)(2:r-9J^+i9). 

11. {5x+i2y) (Sx^'^yy 11 (aw+^ (dx-^c). 

12. 2(2Ck]f + ^^) (a - 42^r). 15. (»MP -nx-^m) (x+i), 

13. (tf + ^ + 24(^ + ^-4 ^®- («*-«* + «») (^-3)- 

17. (4^ -y) (4* + J') (2* - 3 >) (2^ + 3^)- 

18. (x ^y) {2x + sy) (^ - ^j' +y) (4^ - 6:ry + 9>^)- 

19. (5^ -y) (25^ + s^ +/) (7^ + ifty*)- 

20. (3^ - sy) (3^ + SJ') (i7«* + 1 1^)- 
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ETereJHe 11. 



1. (6jc +>^ + 3s) ^&r + 8y + 3;?). 

2, (9tf-4^+i2r) (8^-63- 9^:). 

5. (i2a+i2b-{'C) {a^i2b''i2c), 

6. \iix-\-i2y- i^z) {x -y + z), 

7. (Amn + 5«/ - /^p) (mn + 5«/ - 2mp). 

8. (3a2-2^-i)(2a2-3^2_,). 

9. (7a -gd) (Stf-3^+24 

10. (tf - 2c) {a + 2^) (6a2 -7^+1 1^). 

11. (:«: + J') (x^ - ;ry +/) (4^ - 9^ + 7^). 

la (13 -9/) (7 -3^' -5/). 



la 

1. {x -y) (yx^ - 9*^^ + 6^ ), 1 (:c - j^)^. 

2. /a- i) (a -2) (8a +13). 5. (»«- 1)2(5^ + 9) (7^-3). 

3. {x -y){isx^ - i&ry - ^). 6. {x -y){2x + 3J')(2^ - 3-^)- 



Exerdse 18. 

1. (x -{-y) (30:* + 5^ + 17/). 3. (i + »f) (4 - 6w + 3w2). 

2. (tf + ^) (tf - 5^) (2a + ^). 4, (jc +^)2(3^ - iy) (2* - 7J')- 

5. (d5 - i) (tf + 1) (2tf2 - 7a + 20). 

6. (;c+i)2 (^-1)2(3^-2). 



Exercise 14. 

1. (^-Il)(S^2«y^ + ^)^ 

2. (a-7^)(<i + 8^)(3a-7d). 

3. (* + SJ') {2x - 3j^) (4^ +>). 

4 (a + 2) {a - 3) {Sa - 3) (5^: - 2). 

5. (^ - 2^^) {2X +y) {2x - 3j/) (2X ->) (2:*: + 3^/). 

6. (x-7){x--iY{x+iy. 



72 A Igebraic Factors. 

EzerdaelS. 

2 

2. 270* - 90* + 3<|2 - I + 



2ylO 

5. 625fl*^*-375fl*^ + 22511*32 -135^^+81. 



a c^ €^ iv a' {or - 1) 
I I 

256^^ 



7. tf«-««+72-^ 



2a 



8. i-2tf + 4a*-&i*+i6ii*-32tf* + 64ii'--^ 

9. A factorof the fonnar-jr, viz. (tf+3)-(tf-3) = 23. 

10. A fector of thefonna:+^, viz. (tf+3) + (tf-3) = 2tf. 

11. A factor of the form jp+jr, viz. jc*+ 1. 

la Both, viz. a2^^(a«+^), and tf2^^(««-^. 



Exercise 1& 
1. (x'{'y-z){c(?-¥y^'¥s^-xy-\'XZ-¥ys). 

3L (tf-23-3^) (tf* + 4^+9^+2fl3 + 3i«"-63r). 
i, ?5tf + 33-2W2Stf* + 9(^+4-iSfl3+ioa + 63). 

5. fj: + 2j^ + 2«) (jc* + 4j^ + 45*-2Jpy-2ic«-4y«r). 

6. (3tf-3+2r) (9a*+^+4i*+3fl3-6flr+2^). 



Ezensiflel?. 

1. 4X* + 2arjr + 25J^-i2a:;8r-30_y;8r + 9:8r*. 

2. 9^-42:cy + 49j^-54X«+i26y;8r + 8is*. 
a 2i6jf»-343j^. 

4. 7290*+ 1331^. 

5l 1 250^+27. 

6. 343** -V- 



Answers to Exercises. 73 



7. fl*-i. 

8. 2430^-32^. 

9. 36:c*-97^2y4.36y, 

10. 64x12-1. 

11. a«-a8^+tf2^-*^. 

12. (« + ^)*^-2(« + ^)2a:2+i. 

18. ^ + 3(« + h)x^ + i(a + 3)2:x: + (« + <J)3. 
li. a:84.5^ + 8^3_i^ 



Exerdse 18. 

1. a2 + 2<i^ + ^. 5. jf2_^^ + ^, 

2. a*-\'aM^ + ^. 6. a-^-b-c-d. 

3. 3^2 + 5^^+2^. 7. ;c2+y-i. 

4. «2„5^^+2532. 8. »»2_(^ + ^)^ + ^^. 



Exercise 19. 

1. a-b. 3. jc2+y. 

2. a^-ab-^-b^ 4. 2Jic-3j^. 



Exercise 20. 

1. tf + sA 4. iitf- 11^. 

2. I - 8:)c. 5. 4^ - 7^. 
8. S^ + ar. 8. 8^-1. 



Exercise 21. 

1. $x-qy'\-^z. 8. 7« + 83-6. 

2. 2^2_5y+x. 4, xy''2XZ'k'^yz, 



Exercise 22. 

1. 5x-yy. 3. 2a -gb. 

2. 2^-5. 4. 5»i-ii« 



74 Algebraic Factors, 

Exerdse 28. 

1. 2«-3. 8. 4:c-3. 

Exercise 24. 

1. 1^2e^bO(^f. 4. 60«2(flr2 _ ^2) (^ _ ^), 

8. 2fia^I^cHx^ " f). 6. 12(^2 _ 9)2, 

7. (^-2) (^-3) (^-4). 

8. (4j: - 7;;)2 (8^ + i^yf (i i:«: - 3;^). 

9. ««-^. 

10. (:*: + 3^^) (3^ -y) {x - ^yf. 

Exercise 25, 

J 8^ + 3 ^ x^ + $x + S 

8^ + 4* 8^2+3^+ 1' 

2 g^-f 2g^ + 4^^ K a + d-c-d 

{a-2by ' * a-b-c+d' 

3 4^-f7J^ g ^"J^ + g 

Exercise 26. 

- 2 7. I. 

^ — 3_y* ®* ^(^ ~ *)• 

2. . Zl_. 9. ' 



8- 3. 10. iOlzi). 
4 g X'{-y-z 

{a - 2xY 21^ J_, 

««+«* 12. '4^ 



«-i^ «(«-*^)(«-4^«)- 



Answers to Exercises. 75 



1 _ (a^^b^)(a^-ab^J^) ^ (a^^V^Y 

2 (2g^ + jp2) (a-x) g 2x(x'^y) 

a^x " ' y^ ' 

3 a^-^ab-^i^ 7. I. 
■ a^-ab + ^' 8. lof. 

4. 



y^- 1 



a 



Exercise 2S8. 

1- 9> - 3- 7. a, b, 

2. I, -f. 8. 2, V. 

f- ^i- »• 9, -3f 

6. 2<J, 3 - tf. 



Exercise 29. 

1- 3» 27, I, 29. 8. 2, 3j. 

2. 5, 21. 6. V^, V^. 

2' - S> o- 7. tf, o. 



Exercise 30. 

L I, -i, -3. 4. 1, 2, f 

2^ ± V 3 i± V7 ^- i» - h f 

8. o, ±aJ-'2. ^- ^' 3 • 



76 Algebraic Fadcrs. 

VL 



8. 50- 17^. 6. i*+7jp-5. 



32. 



L jr+2jr. 4. 2tf*-ii^. 

8. 1-7JP. 6. 2tf+5. 



1. 1^41. 5. 6. 

2L 3*236. 6. -270. 

8. 7-194. ?• -548. 

1 19-485. a 5-471- 



81 

L 5+ %/7- 4 ^- Vi- 

2L z-Ji. 5. 3^/2 -2^/5. 

8. Jt-^ Js- 613^^11 + 1. 



1- ^_:r«+6«*-d«+6- *• '"^ 

8. (tf) 4, I i 1, 4- W 5. 4- W 5- 

^ 755- 

« 1 1 « 



Answers to Exercises. 77 

R y 10 (^+^f(^-^f 

(2X + 3) (4^2 _ 7^ + 5). 

18. 8, 5. 16. 177. 

17. (4^2-/) (4^2 -9^2). 19. 3-525. 

20. (a)^o^{p) i±-J=;(r) i. 

5 va+i 

21. %/-5+ ^/•3 = I'2S4• 22. 3is(<j+^) (a*-:i:4). 
28. 2{a-b). 24 3^ + 6^2^^^-^ 

26 4^-5 • (a^-x^Y ' 

(3^-4) (4^-3) 27 (3^+ J^) (2^+1) 

28. 405, 80s yards. ' 5^+1 

80. (1+^) (i-^) (1-2*) (1-3^) (1+4*) (1-4^). 

81. (a) «£i?; (b) 12, 3. ^' ?^°^tf-^- .X 

5 84. (^-2)(jg + 5) • 

85. ^{sx + 2y). (x + 3) (^ - 4)' 

86. (x'^y+ ijxy) (x+y- fjxy), (x+y-z) {x-y + z)^ 

4xy(x +y) (x -y). 

87. 250. 88. (;c« + f) {x/^ +y) = 4. 
89. (a) i; (b) ±6. ±5; (.) ±^, ±J^^ 

42. (a) 6, 2j; {b) ±4, ±2, ±5; (^) 6 + 2>/^, 6±2^/6, 

or x=iy = o or 10. 

48. >/22+ /s/17. 

44. {m-{-n-p-q) (m-n+p-q)^ (^^^^^i^ (^^-^+1) 

(x -y + z) (^ +y^ + z^ + xy--xz- 2yz), 
415 I i^ 46. -2X'\ry. 

49. -618, -382. 



78 Algebraic FaOors. 



'^V-'JWv 



«4. («) ^. - 1 ; (*) 2, -i; -1.2. 

95. 60. 

M (y+y+g) 0>+g-g) (y-^+a) (»->+«) 

(a-i) («+ 1) («- 3) («+3), (*- 1) («c+ 1), 

{ax-c) {bx-\-c). 

*»• T. 8|; sff »i W. 21, 15 feet 

61. a» + 2«**+2«**+jip*. 

62. (« - ^) (a - ^) (* - V) = - 30. 

03 10 

■ («-S)(*+5)(**+2«-s)* 

61 (a) o, ±d}!tz^., (b) 5, 2j 2, 5j (^) 8, ij I, a. 

66. 289«*(« -jf)*. 66. 1232, 165 yardsL 

67. (a+b-c)(^^+l^+4?-ab+ac+bc). 



68. na-¥b=o. 69, 39a:+jr+2«. 

70. *«+2<«c+3a«. 71. (a) ^^; (*) 3. 

72. (a) ±5; W4,Wj I, -V- 

75. (a*-l^. 

76. («+j' + a) (ar+j'- «)(a:-_y+x)(jf +«-*), 

-»" /\ -t /, 2{ab+ed) 

77. (tf) o, ± V3 ; (^) «- 2fl, -- — ; (c) 8, I ; i, 8. 



Answers to Exercises, 79 

78. x'^-^y^^zKexzK 79. gz|. 

80. 31^ "1. 81. -16. 

82. a'\-b- Jab' 88. xix-k-s) (jc^-i). 

if) 5> - 3» I ± ^/ - 22 ; 3, - 5, - i ± si -22. 
89. ^2-1. 90. 32 miles. 

91. {2a'^b'{-x) {a + 2b-x)j (a + b) (a+c) (b+c); see 
Question 11. 

92. («) 3, -s; W I, I, ^^^; W 4, 3; 3, 4. 

98. 125. 91 ,. ^, — ;. 

95. 13. 

97. If »i is a multiple of «, x^ -y\ 
If ;» is a multiple of m^ x"^ -y^. 
If m and n are both even, x^ -yK 
In all other cases, x -y. 

98. ^ - (2tf2 - 2a + l)jp2 + flr2(^2 ^ 2tf + l). 

99. (a) I. (b) (-f)S (1)4. (^) i± V^5^^ 
100. ;^2o. 102. 6o(^ - 2) (^2 - i). 
103. I. 104. 1. 

105. o(^-{a'\-b)x^ + ab, 

106. {a) 2, -J,3,-i iP) ±5»±2. W 0,9,3; 0,3,9. 

107. 2. 108. «2_8^+i5^. 109. f'+y 1 

^ (^+J')' ^ 

110. ^^"^^^^''^) ;(^+>^~g)(^-fy + ga-^j; + g^ + ^j;). 

111. («) f, -3, ±±^J^Z3. (^) 4, 5 ; 5,4. (^) 1,-1,6 

112. 18 min. and 36 min. per mile. 

Ill ±x. 115.1; J^. 



8o Algebraic Factors. 

116. ^2.3^^ + 4. (^2«j^^4) (^2 + 5^^y)(^ + 5). 



x^ 



118. («) 5, -8; (^) ±11, ±7. 

119. s^^f. 120. 10,4. 

121. X +y ; j/(:x:2 _ ^ ^ ^2^ ^^ «y^^ 

122. £4^^.,V7-^/i. 

128. ie« + 4**+i6. 121 (««-*;«: + i)(a^ + i* + i). 

125. 121. 126. (a-26)\ 

127. (a) Y^. {b) 4-2X-1. 

128. (x-i) (x-i) (x-i) {x+j) (x^-4x+i). 
180. (a) 2, -T^. (*) i.i(6±>/^). 
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74 Algebraic Factors. 

23. 



1. 2^-3. 8. ^x-^, 

2. 5^-9J'- 4. 9^-5> 



Exercise 24. 

1. 132^:8^^/. 4. 6otf2(a2 - ^2) (^3 « ^). 

2. 240^^^. 5. tf2^(««-^). 
8. 36a2m^2-/). 6. 12(^2^9)2. 

7. lx-2) (^-3) (^-4). 

8. (4j: - 7^)2 (8^ + 9;;)2 (i ix - 3;^). 

9. cfi-lfi. 

10. (* + 3;^) (3^ -y) {x - ^^yf. 



Exercise 25, 

J 8^ + 3 ^ Jc2 + 3Jt:-f 8 

8^ + 4* '8^24. 2^+ J* 

2 g2^2g^ + 4^2 a^if^c-d 

(«-2^)2 ' * a-b-c+d' 



Exerdse 26. 

1 2 7. I. 

^ — 3 y * ®» 2(tf — ^). 

2. = ;ii .. 9. ' 



8. 3. 10. iCyzf). 



4. 



a x+y-z 



(a - 2*)* ii_ _^ 

O W + fMP X A. — T-S TTVT 7—= TTT^ • 



Answers to Exercises. 75 

SxerdseS?. 



1 _ {a^^W){a^-ab^I^) 5 {a^-^V^Y 
«2jp • • ^2 • 



4. 



1- 9, -3- 

**• *■> — "y* 

a 2, J. 

6. 2«, ^-tf. 



a^-ab + b^' 8. lof. 

a:2--i 

>^- I* 



Exercise 28. 






7. a, 


b. 




8. 2, 


47 
7 


• 


9. 9, 




3i 


10. a, 


b^- 


-«« 



a 



Exercise 29. 



1- 3» 27, I, 29. 5. 2, 3j. 

2. 5, 21. 6. i/^, U—^, 

^ - 5> o- 7. a, o. 

^'*' 8. ±2cJ-2, ±^V-i5. 



Exercise 30. 

1. I, -J, - 3- _ 4. 1, 2, f 

g^ ± V 3 i± sll ^- i» - i> T- 

2 ' 4 • g 7±n/-59 

8. o, ±aJ-2. ^- '» 3 • 



I \ 



ft 



